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COMPUTER  PROGEUM 

FOR  ANALYSIS OF IMPERFECTION SENSITIVITY 

OF RINGSTIFFENED SHELLS  OF  REVOLUTION 

By Gerald A. Cohen 
Structures   Research  Associates ,   Newport   Beach,   Cal i fornia  

SUMMARY 

A FORTRAN I V  d i g i t a l  computer  program  has  been  developed  for the 
i n i t i a l   p o s t b u c k l i n g   a n d   i m p e r f e c t i o n   s e n s i t i v i t y   a n a l y s i s   o f   u n i q u e  
b i f u r c a t i o n   b u c k l i n g  modes of r i n g - s t i f f e n e d   o r t h o t r o p i c   m u l t i l a y e r e d  
s h e l l s   o f   r e v o l u t i o n .   T h e . a n a l y s i s   f o r   t h e   s e c o n d - o r d e r   c o n t r i b u t i o n  
t o   t h e   b u c k l e d  s ta te  i s  based  on  Novozhilov-type  nonlinear  moderate 
r o t a t i o n   s h e l l   a n d   r i n g   t h e o r y .   I n   g e n e r a l ,   t h e   s e c o n d - o r d e r  s t a t e  
cons i s t s   o f   an   ax i symmet r i c  component  and  an  unsymmetric  harmonic 
component,  each  of  which are o b t a i n e d   b y   t h e   f o r w a r d   i n t e g r a t i o n  method 
u s i n g   t h e  Runge-Kutta  numerical  technique. The i m p e r f e c t i o n   a n a l y s i s  i s  
based  on a mean square  angular   imperfect ion  measure,   which  includes  imper-  
f e c t i o n s  of b o t h   s h e l l   a n d   r i n g s .  Based  on t h i s   m e a s u r e ,   t h e   i m p e r f e c t i o n  
w h i c h   p r o d u c e s   t h e   g r e a t e s t   r e d u c t i o n   i n   b u c k l i n g   l o a d   ( f o r   s u f f i c i e n t l y  
small imper fec t ions )   and   an   imper fec t ion   p ropor t iona l   t o   t he   buck l ing  
mode shape  are t r e a t e d .  From t h e   r e s u l t s   o f   t h e   a n a l y s i s ,   o n e   c a n  
de te rmine ,   fo r  small va lues   o f   t he   imper fec t ion   measu re ,   t he   expec ted  
buckl ing   load  knockdown. I n   a d d i t i o n ,   t h e   i n i t i a l   p o s t b u c k l i n g   s t i f f n e s s  
of t h e   p e r f e c t   s t r u c t u r e  is obta ined .  

The computer  program  requires as input ,   p rebuckl ing   and   buckl ing  
mode da ta .  The p rebuck l ing   da t a   cons i s t s   o f   bo th  a non l inea r  s t a t e  and 
a l i n e a r   p e r t u r b a t i o n  s t a t e  about  i t .  I f  a n u l l   n o n l i n e a r  s t a t e  i s  
i n p u t ,   t h e   r e s u l t s  w i l l  be   based   s imply   on   t he   l i nea r   p rebuck l ing  s t a t e .  
Only  axisymmetr ic   tors ionless   prebuckl ing s ta tes  of  axisymmetric 
s t r u c t u r e s  are  t r e a t e d .  Up t o   f i v e   o r t h o t r o p i c   s h e l l  wa l l  l a y e r s  and 
t h i r t y - f o u r   i s o t r o p i c   r i n g s   ( i n c l u d i n g  two edge   r ings)  are t r e a t e d .  
The e f f e c t s   o f   s t r i n g e r s   ( c i r c u m f e r e n t i a l l y   s m e a r e d   o u t ) ,   i d e a l i z e d  
e las t ic  f o u n d a t i o n s ,   a n d   l i v e   p r e s s u r e   f i e l d s  are a l s o   t r e a t e d .  

INTRODUCTION 

I n   t h e   r e c e n t   p a s t ,  a f r u i t f u l  area f o r   r e s e a r c h   i n   s h e l l   b u c k l i n g  
p r o b l e m s   h a s   b e e n   t h e   a p p l i c a t i o n   t o   s p e c i f i c   s h e l l   g e o m e t r i e s   o f   t h e  
i n i t i a l   p o s t b u c k l i n g  and imperfection.sensitivity t h e o r y ,   o r i g i n a l l y  
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developed  by b i t e r  (References 1 and 2) and f u r t h e r  expounded  by  Budiansky 
and  Hutchinson  (References 3 and 4). Typica l   examples   o f   such   s tud ies  are 
afforded  by  References 5 ,  6, and 7, i n  which membrane prebuckl ing  states and 
Donnell-type shell  t h o r i e s  are used t o   s t u d y   t o r o i d a l ,   c y l i n d r i c a l ,  and  sphe- 
r o i d a l   s h e l l s .  I n  References 8, 9, and 10 s p h e r i c a l   s h e l l s  and s t i f f e n e d  
c y l i n d r i c a l  shells are s t u d i e d   u s i n g   n o n l i n e a r   s h a l l o w   s h e l l   t h e o r i e s .   I n  
each case recourse  had  to   be made t o  the d i g i t a l  computer   to   ob ta in   numer ica l  
r e s u l t s .   I n   o r d e r   t o   a v o i d  a new programming e f f o r t   e a c h   t i m e  a new problem 
is  encountered,  i t  i s  d e s i r a b l e   t o   h a v e  a general  program  which  can treat  
a whole class of   t echnica l ly   impor tan t   p roblems.  

The general   program  presented  here  i s  based  on a s p e c i a l i z a t i o n   o f   t h e  
genera l   theory   o f   References  11 and  12 t o   a x i s y m m e t r i c   r i n g - s t i f f e n e d   s h e l l  
s t r u c t u r e s   u n d e r   a x i s y m m e t r i c   t o r s i o n l e s s   l o a d s .   I n   t h i s   s p e c i a l i z a t i o n ,  
the  more complete  Novozhilov-type  nonlinear  shell   theory i s  u s e d ,   I n   f u r t h e r  
c o n t r a s t   t o   p r e v i o u s   s t u d i e s ,   w h i c h  assume an   imper fec t ion   p ropor t iona l   t o  
the   buckl ing  mode shape ,   the  mean squa re   va lue   o f   angu la r   dev ia t ions   o f   bo th  
s h e l l  and r i n g s  i s  used  as  a measu re   o f   imper fec t ions   o f   a rb i t r a ry   shape .  
The p rogram  g ives   r e su l t s   fo r   t he  maximum poss ib le   buckl ing   load   reduct ion  
f o r   a n   a r b i t r a r y   i m p e r f e c t i o n   a s   w e l l  as the   buck l ing   l oad   r educ t ion   fo r   an  
i m p e r f e c t i o n   p r o p o r t i o n a l   t o   t h e   b u c k l i n g  mode, Although  the  analysis  i s  
v a l i d   o n l y   f o r   u n i q u e  mode b i f u r c a t i o n   b u c k l i n g ,   t h i s   d o e s   n o t   s e r i o u s l y  
l i m i t  the   usefu lness   o f   the   p rogram,   s ince   s imul taneous   buckl ing  modes a r e  
a n   u n l i k e l y   o c c u r r e n c e   f o r   p r a c t i c a l   s t r u c t u r e s  when rea l   boundary   condi t ions  
and non l inea r   p rebuck l ing   s t a t e s   a r e   cons ide red .  

The ma in   body   o f   t h i s   r epor t   p re sen t s   t he   ana ly t i ca l   fo rmula t ion   o f  
t h e   i m p e r f e c t   a n d   p e r f e c t   s t r u c t u r e   a n a l y s i s ,  and t h e   s o l u t i o n   o f   s e v e r a l  
s a m p l e  problems  used t o  check   ou t   the   p rogram.   In   the   appendices ,  more 
de t a i l ed   i n fo rma t ion   r e l a t ing   t o   t he   compute r   p rog ram . i s  presented .  
Appendix A de r ives   t he   boundary   cond i t ions   u sed   fo r  dome c l o s u r e s .   I n  
Appendix B, the   postbuckl ing  and  imperfect ion  funct ionals ,   which  are  p re -  
s e n t e d   i n   g e n e r a l i z e d   n o t a t i o n   i n   R e f e r e n c e s  11 and  12,  are  reduced  to 
q u a d r a t u r e s   t o  be  evaluated  by  Simpson's  rule.   Appendix C c o n s i s t s   o f  a 
user ' s   manual ,   inc luding   input   and   ou tput   l i s t ings   for  a sample  problem. 
Appendix D c o n s i s t s   o f   a n   o v e r a l l   l o g i c a l   f l o w   c h a r t   o f   t h e   p r o g r a m ,   b r i e f  
descr ip t ions   o f   cont rac tor -suppl ied   subprograms,  a g lossary   o f   the   mos t  
important  FORTRAN v a r i a b l e s ,  and a source   p rogram  l i s t ing .  

SYMBOLS 

A 

a 

s h e l l   s u r f a c e   a r e a ;   a l s o   r i n g   o r   s t r i n g e r  
c r o s s - s e c t i m a l   a r e a  

r i n g   c e n t r o i d a l   r a d i u s ;   a l s o   f i r s t   p o s t b u c k l i n g  
c o e f f i c i e n t ;   a l s o   m e r i d i o n a l   r a d i u s   o f   c u r v a t u r e  
o f   t o ro ida l   she l l   s egmen t  

b second   pos tbuck l ing   coe f f i c i en t  
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m e r i d i o n a l   s t r e t c h i n g   s t i f f n e s s   o f   s h e l l  w a l l  

e 

el’e2’e12 

G 

KO 

k 

s h e l l  wall f l e x u r a l   r i g i d i t y  

r i n g   o r   s t r i n g e r   s p a c i n g  

Young’s  modulus f o r  a r i n g   o r   s t r i n g e r  

mer id iona l ,   c i r cumfe ren t i a l ,  and s h e a r   s h e l l  
e l a s t i c   m o d u l i ,   r e s p e c t i v e l y  

n o r m a l   e c c e n t r i c i t y   o f   r i n g   o r   s t r i n g e r   c e n -  
t ro id   f rom  she l l   midd le   su r f ace  

mer id iona l ,   c i r cumfe ren t i a l ,  and s h e a r   l i n e a r -  
i z e d   s h e l l   s t r a i n   e x p r e s s i o n s ,   r e s p e c t i v e l y  

e x t e r n a l   r i n g   f o r c e s   p e r   u n i t   o f   l e n g t h   i n  
a x i a l ,   r a d i a l ,  and c i r c u m f e r e n t i a l   d i r e c t i o n s ,  
r e s p e c t i v e l y  

buckl ing  mode funct ionals   (see  Appendix B) 

s h e a r   s t i f f n e s s   o f   s h e l l  wa l l ;  a l so   shea r  
modulus   o f   r ings   o r   s t r inger  

s h a l l o w   s p h e r i c a l   s h e l l   r i s e  

l a y e r   h a l f - t h i c k n e s s  

r i n g   o r   s t r i n g e r   c e n t r o i d a l  moment o f   i n e r t i a  

t o r s i o n   c o n s t a n t   f o r   r i n g  or  s t r i n g e r  

g e n e r a l i z e d   p o a t b u c k l i n g   s t i f f n e s s  

g e n e r a l i z e d   p r e b u c k l i n g   s t i f f n e s s  

p r o p o r t i o n a l i t y   c D n s t a n t   f o r   b u c k l i n g  mode 
imper fec t ion  

n e r i d i o n a l ,   c i r c u m f e r e n t i a l ,  and  normal 
founda t ion   modu l i ,   r e spec t ive ly  

e x t e r n a l   s h e l l   s u r f a c e  moments p e r   u n i t  of 
area about   mer id iona l   and   c i rcumferent ia l  
d i r e c t i o n s ,   r e s p e c t i v e l y  

c y l i n d r i c a l  on t o r o i d a l   s h e l l   l e n g t h ;  
a x i a l   s u b i n t e r v a l   l e n g t h  

p re s su re   app l i ed   t o   sphe r i ca l   cap  
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classical c r i t i ca l  pressure   for   comple te  
s p h e r i c a l   s h e l l  

m e r i d i o n a l ,   c i r c m f e r e n t i a l ,  and t w i s t i n g   s h e l l  
stress c o u p l e s ,   r e s p e c t i v e l y  

out -of -p lane   r ing   bending  moment 

number c f  s t r i n i , s r s ;   a l s o  number o f   f i n i t e -  
d i f f e r e n - e   s t a t i o n s  

e x t e r n a l   r i n g   c w n ~ n t s   p e r   u n i t   o f   l e n g t h   i n  
a x i a l ,   r a d i a l ,   a n d   c i r c u m f e r e n t i a l   d i r e c t i o n s ,  
r e s p e c t i v e l y  

harmonic number 

buckl ing  mode harmonic number 

t o t a l   a x i a l   l o a d   f o r   c y l i n d r i c a l   s h e l l  

e f f e c t i v e   s h e l l   f o r c e s   p e r   u n i t   o f   c i r c u m f e r e n t i a l  
l e n g t h   i n   a x i a l ,   r a d i a l ,  and c i r c u m f e r e n t i a l  
d i r e c t i o n s ,   r e s p e c t i v e l y  

p r e s s u r e   d i s t r i b u t i o n   a s s o c a t e d   w i t h   n o r m a l  
p r e s s u r e   f i e l d   x p ( x , y ) ,   p o s i t i v e   i f   a c t i n g   i n  
p o s i t i v e   z - d i r e c t i o n  

s p h e r i c a l   s h e l l   r a d i u s  

c i r c u m f e r e n t i a l   r a d i u s   o f   c u r v a t u r e  

small c i r c l e   r a d i u s  

mer id iona l  arc d i s t a n c e  

m e r i d i o n a l   e c c e n t r i c i t y   o f   r i n g   c e n t r o i d   f r o m  
cor responding   subdiv is ion   po in t  

m e r i d i o n a l ,   c i r c u m f e r e n t i a l ,  and s h e a r   s h e l l  
s t r e s s   r e s u l t a n t s ,   r e s p e c t i v e l y  

r i n g  hoop s t r e s s   r e s u l t a n t  

s h e l l   t h i c k n e s s  

g e n e r a l i z e d   d i s p l a c e m e n t   v e c t o r s ;   a l s o   m e r i d i o n a l  
and c i r c u m f e r e n t i a l   s h e l l   d i s p l a c e m e n t s ,  
r e s p e c t i v e l y  

r a d i a l   r i n g   d i s p l a c e m e n t  

normal   she l l   d i sp lacement  

UY 

W 
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2 

A 

6 
- 

. x  

X C  

X0 
X i j  ( i , j  = 1,2 ,3 ,4)  

7, 

0 

s h e l l   v a r i a b l e s   d e f i n e d  by Equations (6) 

e x t e r n a l   s h e l l   s u r f a c e   f o r c e s   p e r   u n i t   o f   a r e a  
in   mer id iona l ,   c i rcumferent ia l ,   and   normal  
d i r e c t i o n s ,   r e s p e c t i v e l y .  

axial ,  r a d i a l ,  and  normal  coordinates,  
r e s p e c t i v e l y  

c u r v a t u r e   p a r a m e t e r   f o r   c y l i n d r i c a l   o r   t o r o i d a l  
s h e l l ,  (@/rt) (1-V2)l/* 

r i n g   o r   s t r i n g e r   n o r m a l   c e n t r o i d a l   e c c e n t r i c i t y  
f rom  she l l   i nne r   su r f ace  

f i r s t  and  second  imperfection  parameters,  
r e s p e c t i v e l y  

work d e f l e c t i o n ;   a l s o   i n c r e m e n t a l   v a l u e  

maximum normal   displacement   of   buckl ing mode 
imper fec t ion  

m e r i d i o n   o r i e n t a t i o n   a n g l e  

m e r i d i o n a l ,   c i r c u m f e r e n t i a l ,  and s h e a r   s h e l l  
s t r e t c h i n g   s t r a i n s ,   r e s p e c t i v e l y  

r i n g  hoop s t r a i n  

m e r i d i o n a l ,   c i r c u m f e r e n t i a l ,  and s h e a r   s h e l l  
b e n d i n g   s t r a i n s ,   r e s p e c t i v e l y  

e te r ,   2 [3(1-v2)]P/4(H/ t )1 /2  
l o a d   f a c t o r ;  a l s  s h a l l o w   s p h e r i c a l   s h e l l  pa ram-  

c r i t i c a l   l o a d   f a c t o r   f o r   b i f u r c a t i o n   b u c k l i n g  
o f   p e r f e c t   s t r u c t u r e  

buckl ing   load   for   imperfec t   s t ruc ture   ( snapping  
load )  

load   l eve l   o f   non l inea r   p rebuck l ing   s t a t e  

o r t h o t r o p i c   s h e l l  wall  normal  moduli   defined 
by Equation (7) of  Reference 14 

buck l ing  mode f u n c t i o n a l   d e f i n e d  by Equat ion  (8) 

o r t h o t r o p i c   s h e l l  wall  shear   moduli   def ined by 
Equat ion  (7) of Reference 14 

P o i s s o n ' s   r a t i o  

pos tbuck l ing   s lope   ang le   o f   ax i a l   l oad -de f l ec t ion  
curve o f  c y l i n d r i c a l   s h e l l ,  = arctan  [d(P/Pc)/d(A/Ac)]  
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Y 

Subsc r ip t s :  

av 

C 

c l  

mode 

S u p e r s c r i p t s :  

( 1 (e) 

( 

p r e b u c k l i n g   s l o p e   a n g l e   o f   a x i a l   l o a d - d e f l e c t i o n  
curve  of c y l i n d r i c a l   s h e l l  

o r t h o t r o p i c   P o i s s o n   c o n t r a c t i o n   r a t i o   w i t h  
mer id iona l  stress a c t i n g  

normal   ampl i tude   o f   the   cont r ibu t ion  of  t h e  
buck l ing  mode t o   t h e   p o s t b u c k l i n g  state 

s h e l l   d i s p l a c e m e n t s   i n  axial ,  r a d i a l ,  and 
c i r c u m f e r e n t i a l   d i r e c t i o n s ,   r e s p e c t i v e l y  

root-mean-square  angular   imperfect ion  ampli tude 

imperfec t ion   func t iona l   def ined   by   Equat ion  (B-21) 

c i r c u m f e r e n t i a l   a n g l e  

s h e l l   e l e m e n t a l   r o t a t i o n s   a b o u t   c i r c u m f e r e n t i a l ,  
m e r i d i o n a l ,   a n d   n o r m a l   d i r e c t i o n s ,   r e s p e c t i v e l y  

r i n g   v a r i a b l e s   d e f i n e d   b y   E q u a t i o n s  (6) 

r i n g   e l e m e n t a l   r o t a t i o n s   a b o u t  axial ,  r a d i a l ,  
c i r c u m f e r e n t i a l   d i r e c t i o n s ,   r e s p e c t i v e l y  

ave rage   va lue  

c r i t i c a l  v a l u e  

c lass ical  v a l u e  

p e r t a i n i n g   t o   i m p e r f e c t i o n   s h a p e   p r o p o r t i o n a l  
t o   b u c k l i n g  mode 

p e r t a i n i n g   t o   t h e   a x i s y m m e t r i c  component  of 
the   second-order   pos tbuckl ing  s t a t e  

pe r t a in ing   t o   t he   unsymmet r i c   ha rmon ic  com- 
ponent of the   second-order   pos tbuckl ing  s ta te  

nonhomogeneous p a r t  

p e r t a i n i n g   t o   t h e   p r e b u c k l i n g  s t a t e  (gene ra l ly  
eva lua ted  a t  X = X c )  

6 



( p e r t a i n i n g   t o   t h e   b u c k l i n g  mode 

pe r t a in ing   t o   t he   s econd-o rde r   pos tbuck l ing  
s t a t e  

(-- p e r t a i n i n g   t o  an a r b i t r a r y   i m p e r f e c t i o n  

p e r t a i n i n g   t o  a normalized  imperfect ion  shape 

p e r t a i n i n g   t o   t h e   w o r s t   i m p e r f e c t i o n   s h a p e  

e v a l u a t e d  a t  A = X 
C 

G e n e r a l i z e d   f i e l d   v a r i a b l e s  and ope ra to r s :  

l i n e a r   o p e r a t o r   r e l a t i n g   g e n e r a l i z e d  stresses 
and s t r a i n s  

l i n e a r   o p e r a t o r   r e p r e s e n t i n g   l i n e a r   p a r t  of 
t he   s t r a in -d i sp lacemen t   r e l a t ions  

q u a d r a t i c   o p e r a t o r   r e p r e s e n t i n g  t h e   n o n l i n e a r  
p a r t  of the   s t ra in-d isp lacement  r e l a t '  loris 

b i l i n e a r   o p e r s t o r   d e f i n e d  by t h e   i d e n t i t y  
L2(u+v) = L2 (U)+2Lll(U'V)+L2(V) 

p e r t u r b a t i o n   l o a d   v e c t o r   a s s o c i a t e d   w i t h  a 
( l i v e )   n o r m a l   p r e s s u r e   f i e l d  

U displacement 

E s t r a i n  

a stress 

G e n e r a l i z e d   v a r i a b l e   s u b s c r i p t s :  

0 a s s o c i a t e d   w i t h   t h e   p r e b u c k l i n g   s t a t e  

1 assoc ia t ed   w i th   t he   buck l ing  mode 
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2 assoc ia t ed   w i th   t he   s econd-o rde r   pos tbuck l ing  
s ta te  

G e n e r a l i z e d   v a r i a b l e   s u p e r s c r i p t s :  

Ma t r i ces  : 

[ B l ,  [ D l  4x4 boundary  condi t ions  matr ices  

4x4 r i n g   e c c e n t r i c i t y   m a t r i x   d e f i n e d  by Equation 
(A8) of  Reference  15 

4x4 r i n g   s t i f f n e s s   m a t r i x   d e f i n e d  by Equation 
(A5) of  Reference  15  ( in  which k is denoted 
by K )  

IL)   4x1  boundary  condi t ion  load  matr ix  

{Y 1 4 x 1   i n t e r n a l   s h e l l   f o r c e   m a t r i x  

IZ) 4x1   she l l   d i sp l acemen t   ma t r ix  

Mat r ix   supe r sc r ip t s :  

( > T  

4x4 r i n g   p r e s t r e s s   m a t r i x   d e f i n e d  by 
Equation (A5) of   Reference 13. 

t ranspose  

ANALYTICAL FORMULATION 

The gene ra l   t heo ry  upon which t h i s   s t u d y  is based  has  been  prese.nted 
in   Re fe rences  11 and  12. In   t he   gene ra l   deve lopmen t   p re sen ted   t he re ,  no 
r e s t r i c t i o n s   o n   t h e   s t r u c t u r a l   g e o m e t r y   a r e   i m p o s e d .   I n   t h i s   s t u d y  
a t t e n t i o n  is r e s t r i c t e d   t o   r i n g - s t i f f e n e d   s h e l l s   o f   r e v o l u t i o n   s u b j e c t e d  
t o  axisymmetric t o r s i o n l e s s   l o a d s ,   a n d   c o n s e q u e n t l y   t h e   a n a l y t i c a l   f o r -  
mula t ion  i s ,  i n  a sense ,  a spec ia l i za t ion   o f   t he   equa t ions   o f   Re fe rences  
11 and 1 2  t o   t h i s  c l a s s  o f  s t r u c t u r e s .  
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Imper fec t ion   Ana lys i s  

Imperfection  measure.  - A p r i m a r y   g o a l   o f ’ t h i s   s t u d y  was t o   d e v e l o p  a 
c a p a b i l i t y   t o  assess t h e   s n a p p i n g   l o a d s   o f   s t i f f e n e d   s h z l l s   o f   r e v o l u t i o n  as 
a func t ion   of  a mean imper fec t ion   ampl i tude   o r   measu re  5. Fo r   t h i s   pu rpose  
i t  is c o n v e n i e n t   t o   c o n s i d e r   g e o m e t r i c a l   i m p e r f e c t i o n s  as angu la r   dev ia t ions  
o f   e i t h e r   s h e l l   o r   r i n g   e l e m e n t s   f r o m   t h e   d e s i r e d   g e o m e t r i c a l   o r i e n t a t i o n ,  
and E,2 as a mean squa re   imper fec t ion   ampl i tude   g iven  by:: 

where   t he   i n t eg ra l   ove r  s ranges   over   the   whole   she l l   mer id ian ,   and   the  
summations  over k range  over  a l l  r i n g s .  With t h i s   d e f i n i t i o n   o f   t h e  
i m p e r f e c t i o n   a m p l i t u d e ,   t h e   r e l a t i o n  ii = 5u  between  the  imperfect ion ii and 
the   normal ized   imperfec t ion   shape  u y i e l d s   t h e   n o r m a l i z a t i o n   c o n d i t i o n  

Except  for  Equation-(?)-and  conditions of contLnui ty ,   the   normal ized  i m -  
p e r f e c t i o n   a n g l e s ,  x,$,e f o r   t h e   s h e l l   a n d  w x , w y  f o r   t h e   r i n g s ,  are a r b i t r a r y  
func t ions   o f  s and +. 

Snapping  load. - For a given  imperfect ion  shape,   Equat ion  (35)   of  
Reference 11 gives   the   snapping   load  X, i n   t h e   c a s e   w h e r e   t h e   f i r s t   p o s t -  
b u c k l i n g   c o e f f i c i e n t  a i s  nonzero,  and  Equation  (36)  of  Reference 11 g i v e s  
As when a = 0 and the   s econd   pos tbuck l ing   coe f f i c i en t  b i s  negat ive .   S ince  
fo r   ax i symmet r i c   s t ruc tu res   hav ing  a unique  (unsymmetrical)  harmonic 
buckl ing  mode, a is i d e n t i c a l l y   z e r o ,   t h e  l a t t e r  of   these  two equa t ions  i s  
of pr imary  importance  here .   This   equat ion i s  reproduced  here   as  
Equation ( 3 )  a n d   d i s p l a y e d   g r a p h i c a l l y   i n   F i g u r e  1. 

( 1 - ~ ~ / ~ ~ ) ~ / ~ + 3 ( - 3 b a  2-2 5 ) 1/2 [ ( B / c ~ )  (1-xS/xc)-1]/2 = o 
Equation ( 3 )  r educes   t o   t he   o r ig ina l   Ko i t e r   r e l a t ion   [Equa t ion  45.10) w i t h  
n = 4 of  Reference 1 1  i f  i s  s e t   t o   z e r o .  On t h e   o t h e r   h a n d ,   f o r  a l i n e a r  
prebuckl ing   s ta te   neglec t ing   prebuckl ing   deformat ions ,  f? = Q. There fo re ,  
B i s  included  in  an  attempt  to  improve  the  accuracy  of  Equation  (3);   however,  
as noted  in   Reference 11, Equation (3) i s  n o t  a complete  second  approximation 
s ince   o ther   t e rms   of   the  same o r d e r  as 6-terms  have  been  neglected. It 
should   be   no ted   fur ther   tha t   by  a ,  and B do not  have  unique  values  but  depend 
on the   no rma l i za t ion   o f   t he   buck l ing  mode. I f   t h e   b u c k l i n g  mode is  changed 
b y   t h e   m u l t i p l i c a t i v e   f a c t o r  C1, then  b changes  by  the  factor  C1 and a and 
6 change by t h e   f a c t o r  l / C 1 .  It the re fo re   fo l lows ,  as it shou ld ,   t ha t   t he  
quant i t ies   which   de te rmine   the   phys ica l   load  knockdown l s / x c ,  v i z .   ba2  and 
B/Q,  have   un ique   va lues .   In   o rder   to   use   F igure  1 to  determine  the  snapping 
load A s  as a funct ion  of   the  root-mean-square  imperfect ion  ampli tude E, i t  

”_ _ _ _  _.“” _ -  - .  . _l“_ 

*The r i n g   a n g u l a r   d e v i a t i o n  G does   no t   en te r   in to   the   theory   and  
t h e r e f o r e  is omitted  from  Equation  (1). 0 
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i s  n e c e s s a r y   t o  know i n  a d d i t i o n   t o   t h e s e   q u a n t i t i e s   t h e   c o r r e s p o n d i n g  c r i t -  
i ca l  load  A, of t h e   p e r f e c t   s t r u c t u r e .  All t hese   quan t i t i e s   mus t   be   de t e r -  
mined f o r   e a c h   b i f u r c a t i o n   b u c k l i n g  mode o f   t h e   p e r f e c t   s t r u c t u r e ,   e a c h   o f  
which  has a A s - t  r e l a t i o n s h i p .  The theo ry ,   t o   ob ta in   each   buck l ing  mode o f  
r i n g - s t i f f e n e d  shel ls  o f   r evo lu t ion   has   been   p re sen ted   i n   Re fe rence  8, and 
it i s  assumed h e n c e f o r t h   t h a t  Ac and o t h e r   d e t a i l s   o f   t h e   b u c k l i n g  mode, 
a long   w i th   t he   p rebuck l ing  s ta te  a t  X c ,  a r e  known i n p u t s   t o   t h e   i m p e r f e c t i o n  
a n a l y s i s .  

On t h e   o t h e r   h a n d ,   i f  a = 0 and  b>O,  Equation (3)  does  not   apply 
a n d   t h e   s t r u c t u r e  may c a r r y   l o a d s   g r e a t e r   t h a n  X,. I n   o r d e r   t o  assess 
t h i s   a d d i t i o n a l   l o a d   c a r r y i n g   c a p a c i t y ,  i t  i s  d e s i r a b l e   t o  compute t h e  
r a t i o   o f   i n i t i a l   p o s t b u c k l i n g   s t i f f n e s s  K" t o   t h e   p r e b u c k l i n g   s t i f f n e s s  
a t  b i f u r c a t i o n  K F o r m u l a s   f o r   t h e   f u n c t i o n a l s   b ,  KO, K", u ,  and 
fi are p resen ted   In   Re fe rences  11 and 12,  and it i s  the   bas ic   purpose   o f  
t h i s   s t u d y   t o   d e v e l o p   t h e   c a p a b i l i t y   t o   e v a l u a t e   t h e s e   q u a n t i t i e s   f o r  
each  buckl ing mode a n d   i m p e r f e c t i o n   s h a p e   o f   i n t e r e s t .  

* 
0' 

Worst imperfec t ion   shape .  - A s  i s  ev ident   f rom  F igure  1, f o r  
s u f f i c i e n t l y  small imper fec t ion   ampl i tudes   t he   va lue   o f  B i s  r e l a t i v e l y  
un impor t an t .   Fo r   t h i s   r ea son ,   t he   wors t   imper fec t ion   shape ,   wh ich   fo r  
a g i v e n   ( s u f f i c i e n t l y   s m a l l )   v a l u e   o f .  5 t ends   t o   p roduce   t he   g rea t e s t  
r e d u c t i o n   i n   c r i t i c a l   l o ? d ,  i s  de f ined  as t h o s e   p a r t i c u l a r   i m p e r f e c t i o n  
angles ,   denoted   here  by x,$,G,Bx,B , which  maximize  the  value  of u 
s u b j e c t   t o   t h e   n o r m a l i z a t i o n   c o n d i e i o n  ( 2 ) .  

From Reference 12 ,  t h e   g e n e r a l   e x p r e s s i o n   f o r  a i s  

u = [o**Lll(;,ul)+o 0 1 * L  11 (~,u~)-hc~,(~)*ul]/hcF~l~(ul,ul) ( 4 )  

Since  the  denominator  of t h i s   e x p r e s s i o n  i s  independent   o f   the   imperfec t ion .  
i t  is only 
numerator. 
h e r e  as I, 

I = /  
S 

necessary   to   f ind   the   imperfec t ion   shape   which   maximizes   the  

i s  g iven   by?  
For   r i ng - s t i f f ened   she l l s   o f   r evo lu t ion ,   t he   numera to r ,   deno ted  

277 271 
/ (xX+YT+Z?)rd+ds+la 1 (QxiX+Q ) d +  
0 k O  Y Y  

?For c l a r i t y ,   t h e   a s t e r i s k  i s  omi t t ed   f rom  exp l i c i t   p rebuck l ing  
v a r i a b l e s ,  i t  be ing   unde r s tood   t ha t   t hey  are eva lua ted  a t  Ac.  I n   o b t a i n i n g  
Equation (5) ,  norma l   p re s su re   f i e ld  terms a s s o c i a t e d   w i t h   s u r f a c e   d i l a t a -  
t ion  and  pressure  gradients   have  been  neglected.   For   dead  loading,   the  
terms in   Equa t ions  (6) w i t h   t h e   f a c t o r  p should  be  omit ted.  
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where 

From Equat ion   (2)   and   the   fo l lowing   Schwarz   inequal i ty  

wllere 

2 n 2 2 2  
2n 

s o  k k O  
p 2  = A ,f 1 ( X  +Y +Z ) rd@Ids+(2n~a)~a l (Rx+R 2 2  )d@ 

i t  f o l l o w s   t h a t   t h e  maximum va lue   o f  cx i s  

(9) 

Fur the rmore ,   t h i s   va lue  is  r e a c h e d   o n l y   f o r   t h e   s p e c i a l   i m p e r f e c t i o n  
angles   given  by 

n 

x = AX/p 

$ = A Y / p  

1 1  



P e r f e c t   S t r u c t u r e   A n a l y s i s  

Whereas the   imper fec t ion   pa rame te r s  c1 and B depend  only  on  the 
p rebuck l ing  s ta te  and  buckl ing mode (which may b e   c a l l e d   t h e   f i r s t - o r d e r  
p o s t b u c k l i n g   s t a t e )   o f   t h e   p e r f e c t   s t r u c t u r e ,  b and K* depend, i n   a d d i t i o n ,  
on the  second-order   postbuckl ing s ta te .  The e q u a t i o n s   f o r   t h i s  s ta te  are 
g i v e n   i n   R e f e r e n c e  11 i n   v a r i a t i o n a l  form. However, for   numerical   purposes ,  
t h e   c o r r e s p o n d i n g   d i f f e r e n t i a l   e q u a t i o n s  are more convenient   to   use   and  
they are mos t   ea s i ly   de r ived   by   app ly ing   t he   pe r tu rba t ion   p rocedure   d i r ec t ly  
t o   t h e   n o n l i n e a r   f i e l d   e q u a t i o n s .  

F i e l d   e q u a t i o n s   f o r   s h e l l s  of r evo lu t ion .  - A s u i t a b l e   f o r m  of t h e  
n o n l i n e a r   f i e l d   e q u a t i o n s   € o r   s h e l l s   o f   r e v o l u t i o n  is g i v e n   i n   S e c t i o n  I1 
of  Reference 13 .  Before   apply ing   the   per turba t ion   procedure ,  i t  i s  . 
conven ien t   t o   t r ans fo rm  these   eq l l a t ions   t o  a set o f   e i g h t   b a s i c   d i f f e r e n t i a l  
e q u a t i o n s   i n   t h e   e i g h t   b a s i c   s h e . . -   v a r i a b l e s  P,Q,S,M , ~ , ~ , v , x ,  p l u s  a set  
of supplementa l   equa t ions ,  as has   been   done   p rev ious ly   fo r   t he   l i nea r i zed  
she l l   equa t ions   (Refe rence  14) and the   co r re spond ing   pe r tu rba t ion   equa t ions  
(Reference 13) .  The t ransformat ion   of   the   equat ions  i s  accomplished  with 
the   he lp   o f   t he   Gauss -Codazz i   su r f ace   compa t ib i l i t y   r e l a t ions .  The r e s u l t i n g  
e q u i l i b r i u m   e q u a t i o n s  are 

+r[ (r/R2)Xl-r'X3]+r'L; = 0 

(rQ)'+r'S'-T 2 2  +M /R2-r '[(T 1 2  +T )8] ' - ( r /R2)  (T2$+T X)'+r[r 'Xl+(r/R ) X  ] 12 2 3  

-(r/R2)L; = 0 (11) 

(rS)'+r'S+T$;/R2-r' (T 1 2  +T )8-(r/R2)  (T2$+Tl2x)+rX2-(r/R2)L1 = 0 

(rMl)'+r[r'P-(r/R2)Q]-r'M2+2M 1 2  *-r(T 1 x+T 12  $)+rL2=0 

where   the   p r imes   ind ica te  partial  d e r i v a t i v e s   w i t h   r e s p e c t   t o  s and t h e  
d o t s   i n d i c a t e  par t ia l  d e r i v a t i v e s   w i t h   r e s p e c t   t o  4 ,  The nonl inear   terms 
in   Equa t ions  (11) can  be  convenient ly   thought   of  as t h e   f o l l o w i n g   a d d i t i o n a l  
l oad   t e rms   app l i ed   t o   t he   l i nea r i zed   equa t ions .  
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X1 = - [ (T1+T2) 131 /r  

X2 = -(r '  / r )  (T1+T2)8 

x = o  3 

T h i s   i s o l a t i o n   o f   t h e   n o n l i n e a r  terms i s  d e s i r a b l e   s i n c e   l i n e a r  terms w i l l  
pa s s   t h rough   t he   pe r tu rba t ion   p rocedure   una f fec t ed .  

T h e  f o u r   b a s i c   k i n e m a t i c   e q u a t i o n s  may b e   w r i t t e n   i n   t h e  form 

6' = r 'X+(r/R2)el 

0 '  = -(r/R2)X+r'el 

v '  = -C./R2-(r'/r) (q*-v)+e12 

X' = K 1 

Equat ions (13)  are l i n e a r   s i n c e   t h e y  d o   n o t   i n v o l v e   t h e   s t r a i n s  E 1 9 ~ 1 2   b u t  
r a t h e r   t h e   l i n e a r i z e d   s t r a i n   e x p r e s s i o n s  e I n   a d d i t i o n   t o   t h e   n o n l i n e a r  
s t r a i n - r o t a t i o n   e q u a t i o n s ,   g i v e n  by  Equations 1) o f  Reference 13, and  the 
p a r t i a l l y   i n v e r t e d   c o n s t i t u t i v e   r e l a t i o n s ,   g i v e n  by Equations (6)  o f  
Reference 1 4  w i t h  S r ep laced  by  S-(Tl+T2)8/2,   the  following  equations 
complete   the  t ransformed  system of f i e l d   e q u a t i o n s  

T12 = S-2M / R  -(T1+T2)8/2 12 2 ( 1 4 4  
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T1 - - 

e2 - - 

- 
K2 - 

K12-e12/R2 = 

JI= 

e =  

Equat ions   for   second-order   pos tbuckl ing  state.  - I n   d e r i v i n g   t h e  
e q u a t i o n s   f o r   t h e   s e c o n d - o r d e r   c o n t r i b u t i o n   t o   t h e   p o s t b u c k l i n g  s t a t e ,  a l l  
r e s p o n s e   v a r i a b l e s  of  t h e   p o s t b u c k l i n g  s t a t e  are expanded i n  a power series 
i n  a parameter  5 a b o u t   t h e   c o r r e s p o n d i n g   v a r i a b l e s   o f   t h e   p r e b u c k l i n g  
s t a t e  a t  t h e  same l o a d  level  X .  These  expansions are t h e n   s u b s t i t u t e d  
d i r e c t l y   i n t o   e a c h   o f   t h e   f i e l d   e q u a t i o n s .  Terms o f   t h e  same o r d e r   i n  
6 are c o l l e c t e d   a f t e r   s u b t r a c t i n g   o f f   t h e   c o r r e s p o n d i n g   e q u a t i o n s   s a t i s f i e d  
by t h e   p r e b u c k l i n g  s t a t e  v a r i a b l e s .  Terms of  o r d e r  5 t h e n   y i e l d   t h e  
buck l ing  mode (eigenvalue)   equat ions  and terms of   o rder  c2  y i e l d   t h e  
second-order   equat ions.  

I n   o r d e r   t o   i l l u s t r a t e   t h e   p e r t u r b a t i o n   p r o c e d u r e ,   c o n s i d e r   t h e   s t r a i n -  
r o t a t i o n   e q u a t i o n  

S u b s t i t u t i n g   t h e   e x p a n s i o n s   f o r   e a c h   o f   t h e s e   v a r i a b l e s  and  dropping terms 
of   o rder  c 3  and  h igher   g ives  

In   Equat ion  (16) t h e   p r e b u c k l i n g   r o t a t i o n   a b o u t   t h e   n o r m a l   d i r e c t i o n  
has   been   omi t t ed   s ince  i t  i s  i d e n t i c a l l y   z e r o   f o r   a n   x i s y m m e t r i c   t o r s i o n -  
less p rebuck l ing  state.  The   prebuckl ing   ro ta t ion  x (07 i s  a l s o  a f u n c t i o n  
of 5 through i t s  dependence  on X .  However, s i n c e  a = 0 ,  i t  f o l l o w s   t h a t  
t h e   d i f f e r e n c e   b e t w e e n  x ( O ) ( X )  and  x(o)(Xc) i s  O ( c 2 ) .  Consequently,  up 
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Equation  (17a) is o n e   o f   t h e   f i e l d   e q u a t i o n s   f o r   t h e   b u c k l i n g  mode, and 
Equation  (17b) i s  o n e   o f   t h e   f i e l d   e q u a t i o n s   f o r   t h e   s e c o n d - o r d e r   p o s t -  
buckl ing  s ta te .  It shou ld   be   obse rved   t ha t   t he  homogeneous p a r t s   ( i . e . ,  
t h e   l e f t - h a n d   s i d e s )   o f   t h e s e  two equa t ions  are i d e n t i c a l ,   t h e   o n l y   d i f f e r e n c e  
be ing   t he   add i t ion   i n   Equa t ion   (17b)   o f  a nonhomogeneous term q u a d r a t i c a l l y  
dependent on t h e   b u c k l i n g  mode. T h i s   d i f f e r e n c e  i s  t y p i c a l   o f  a l l  equa t ions  
a r i s i n g   f r o m   f i e l d   e q u a t i o n s   w i t h   n o n l i n e a r  terms. L i n e a r   f i e l d   e q u a t i o n s  
g ive  r ise to   equa t ions   wh ich  are i d e n t i c a l   i n  form t o   t h e   o r i g i n a l   f i e l d  
equation  from  which  they are  der ived .  

App ly ing   t h i s   p rocedure   t o  a l l  o f  t h e   f i e l d   e q u a t i o n s   g i v e n   i n   t h e   p r e -  
ced ing   s ec t ion   y i e lds   t he   fo l lowing   equa t ions   fo r   t he   s econd-o rde r   pos t -  
buckl ing  s t a t e .  The equ i l ib r ium  equa t ions  are i d e n t i c a l   t o   t h e   l i n e a r i z e d  
form  of  Equations (11) i f   t h e   l o a d  terms are i d e n t i f i e d  as" 

~- 
;kFor c l a r i t y ,   t h e   s u p e r s c r i p t  (2)  is  henceforth  omit ted  f rom  the 

second-order  postbuckling s ta te  v a r i a b l e s .  T e r m s  of  Equations  (18)  with 
t h e   f a c t o r  p are a s s o c i a t e d   w i t h  a normal   pressure  f ie ld   Xp(x,y)   and are  
omi t ted   for   dead   loading .  
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The k inemat i c   equa t ions  (13), b e i n g   l i n e a r ,   a p p l y   u n a l t e r e d   t o   t h e  
second-order   postbuckl ing state. The s t r a i n - r o t a t i o n   e q u a t i o n s  become 

The c o n s t i t u t i v e   e q u a t i o n s  become 

T2 = A E +A K +A T + A  M 11 2 1 2  2 1 3  1 14 1 

M2 = A  € + A  K + A  T + A  M 2 1  2 22 2 23 1 24 1 

where 

E = A   € + A  K + A  T + A  M 1 31 2 32 2 33 1 34 1 

K = A E +A + A ,  T +A M 1 4 1  2  42':2 -3 1 44 1 

€12 = ~ 2 1 4 + " 2 S  
t 

K t -  1 2  - K12-E12/R2 
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Equation  (14a) becomes 

whereas   Equat ions  (14b) ,   being  l inear ,   remain  unal tered i n  form. 

A similar a n a l y s i s  can b e  made on t h e   d i f f e r e n t i a l   e q u a t i o n s   € o r  
e l a s t i c   r i n g s .  In analogy  with  Equat ions (18), t h e   r e s u l t i n g   e q u a t i o n s  
are i d e n t i c a l   i n   f o r m   t o   t h e   l i n e a r i z e d   r i n g   e q u a t i o n s   i f   t h e   a p p l i e d  
moments and   fo rces   pe r   un i t   o f   l eng th  are i d e n t i f i e d  as 

F = O  
X 

N = O  
9 

Method of s o l u t i o n .  - Examinat ion  of   the  equat ions of t he   p reced ing  
s e c t i o n  shows t h a t   a l l  nonhomogeneous terms a r e   q u a d r a t i c   f u n c t i o n s  o f  
buck l ing  mode v a r i a b l e s .   S i n c e ,   i n   g e n e r a l ,   t h e s e   v a r i a b l e s   a r e   p u r e  
harmonic   func t ions   o f   the   c i rcumferent ia l   coord ina te  +, t h e  nonhomogeneous 
terms may b e  decomposed into  an  axisymmetr ic  component  and a s i n u s o i d a l  
component.  This i s  accomplished  by u s e  o f   t h e   t r i g o n o m e t r i c   i d e n t i t i e s  

cos  x 2 = (l+cos2x)  /2 

2 s i n  x = (1-cos2x)  /2 

s i n x   c o s x  = s i n  2x/2 
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Denoting  the  nonhomogeneous  parts of t h e   l o a d  terms of Equat ions (18) w i t h  
the   supe r sc r ip t   ( e ) ,   and   t he .   ampl i tudes  of t h e   b u c k l i n g  mode v a r i a b l e s  by 
the same symbols as u s e d   p r e v i o u s l y   f o r   t o t a l   q u a n t i t i e s ,   o n e   o b t a i n s ,  

x1 (e) = - (nc / r )  [Ti1)+T;1)]9(1)cos2n C @ 

x ie )  = - ( r '   / 2 r )  [ T ~  (1) +T2 (1) l e  (l)sin2n C @ 

S i m i l a r l y ,   t h e  nonhomogeneous p a r t s  of t h e   s t r a i n   e x p r e s s i o n s ,   E q u a t i o n s  ( 1 9 )  
may be  decomposed t o  
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The  nonhomogeneous term [ T  ('I (1)]€l(1)/2 i n  Equat ions ( 2 0 )  and (21) becomes 1 +T2 
( ~ 4 )  [ T ~  + T ~  (') l e  ("sin2n 9, a n d   t h e  nonhomogeneous r i n g   l o a d s  become, from 

C 
Equat ions (22), 

I t  fo l lows ,   t he re fo re ,   t ha t   t he   r e sponse   va r i ab le s   fo r   t he   s econd-o rde r  
p o s t b u c k l i n g   s t a t e  are composed  of t h e  two harmonics n = 0 and n = 2n 
which are uncoupled  and may b e  s o l v e d   f o r   i n d i v i d u a l l y ,   o n e   a f t e r   t h e   o t h e r .  
Each of   these  problems i s  a n a l o g o u s   t o  a l i n e a r   s h e l l  s t a t i c s  problem  with 
pu re   s inuso ida l   l oad ing  s o  t h a t   t h e  method  of s o l u t i o n   p r e s e n t e d   i n  
Reference 14 can  be  used. 

C Y  
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where 

Here and are e i t h e r   t h e   a x i s y m m e t r i c   o r   s i n u s o i d a l   a m p l i t u d e s  
of   ihe  correspond1 lg t o t a l   q u a n t i t i e s   g i v e n  by  Equations (26 ) .  Other 
boundary   condi t ion : :   fo r   the   second-order   pos tbuckl ing   s ta te   a re   e i the ;  
homogeneous ve r s i r l - s   o f   gene ra l   l i nea r   cond i t ions   imposed  on t h e   a c t u a l  
s h e l l   ( e . g . ,   e x t e J . , l a l   l i n e   l o a d s )   o r   c o n d i t i o n s   a t   t h e   i n i t i a l   a n d / o r  
t e r m i n a l   s h e l l   e d g e   r e p r e s e n t i n g  a s p h e r i c a l  dome closure  (see  Appendix A). 
Af t e r   t he   r e sponse   va r i ab le s   o f   t he   s econd-o rde r   pos tbuck l ing   s t a t e   a r e  
d e t e r m i n e d ,   t h e y   a r e   u s e d   i n   t h e   e v a l u a t i o n   o f   t h e   p o s t b u c k l i n g   c o e f f i c i e n t  
b and t h e   i n i t i a l   p o s t b u c k l i n g   s t i f f n e s s  K'k as shown i n  Appendix B. 

EXAMPLES 

R e s u l t s   f o r  t k  following  examples are pr'-s&n;:..l  and  compared t o   i n -  
dependent ly   ob ta incd   publ i shed   resu l t s :  (1) a s imply   suppor t ed   t o ro ida l  
she l l   ( equa to r i a l )   s egmen t   sub jec t ed   t o   un i fo rm lateral  pressure   (Reference   5 ) ,  
(2) a clamped  spherical  c a p  subjec ted   to   un i form  pressure   (Reference  9 ) ,  
(3) uns t i f f ened   and   r i ng - s t i f f ened   s imply   suppor t ed   cy l inde r s   sub jec t ed   t o  
uni form  hydros ta t ic   p ressure   (Reference   6 ) ,   and  ( 4 )  a simply  supported 
s t r inge r - s t i f f ened   cy l inde r   sub jec t ed   t o   ax i a l   compress ion   (Refe rence   10 ) .  
I n   a d d i t i o n ,   r e s u l t s   a r e   p r e s e n t e d   f o r  a c y l i n d r i c a l   s h e l l   u n d e r   a x i a l  com- 
press ion   wi th   s imply   suppor ted   and   r ing-s t i f fened   edges ,   s ince   in   these  
c a s e s   a n   i n d e p e n d e n t   v e r i f i c a t i o n   o f   t h e   p o s t b u c k l i n g   s t i f f n e s s   c a l c u l a t i o n  
can  be made. 

T o r o i d a l   S h e l l  Segment 

A s i x - d e g r e e   t o r o i d a l   s h e l l   s e g m e n t   o f   p o s i t i v e   G a u s s i a n   c u r v a t u r e   w i t h  
r /a  = 0.5, t / r  = 0.008265,  and v = 113 was considered.   Here r i s  the equa- 
t o r i a l   r a d i u s  and a the   mer id iona l   r ad ius   o f   cu rva tu re .   These   va lues   co r -  
respond  to   the  curvature   parameter  Z = 5. Based  on a uniform membrane 
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p r e b u c k l i n g   s t a t e  (as in   Re fe rence  5) , the   computer   resu l t s  are, f o r  nc = 20, 
p/E = 6.120 x and b = -0.496  (with  the  buckling mode normalized  to   have 
a norma l   de f l ec t ion   ampl i tude   equa l   t o   t he   she l l   t h i ckness ) .   Hu tch inson ' s  
F o u r i e r   s e r i e s   s o l u t i o n   [ E q u a t i o n  (36)  of   Reference 51 g ives  for t h i s   s h e l l  
b = -0.501 (and p/E = 6.125 x 10-5). The small d i f fe rence   be tween  these  
two r e s u l t s  may b e   a t t r i b u t e d   t o   t h e   u s e   o f  a Donne l l - type   she l l   t heo ry  and 
the   t rea tment   o f  n as a con t inuous   va r i ab le   i n   Re fe rence  5. 

Sphe r i ca l  C a p  

A twenty-degree  spherical   cap  with t / R  = 0.01094  and v = 1 / 3  was con- 
s ide red .   These   va lues   co r re spond   t o   t he   sha l low  she l l   pa rame te r  X = 6. 
Based  on a n o n l i n e a r   p r e b u c k l i n g   s t a t e ,   t h e   c o m p u t e r   r e s u l t s   a r e ,   f o r  nc = 2, 
qc/qo = 0.783, b = -0.790,  and K"/K0" = 4.195,  which i n   t h e   n o t a t i o n   o f  
Reference 9 co r re sponds   t o   t he   va lue  = -0.585.  These r e s u l t s  are i n  good 
agreement   wi th   F i tch  and' Bud iansky ' s   f i n i t e -d i f f e rence   so lu t ion  of t h e   s h a l -  
low s h e l l   e q u a t i o n s   g i v e n   i n   F i g u r e  8 of  Reference 9. Smal l   d i screpancies  
w i t h   t h e   r e s u l t s   o f   t h a t   r e f e r e n c e  may b e   a t t r i b u t e d   t o   t h e   u s e   o f   s h a l l o w  
s h e l l   t h e o r y  and  dead p res su re   l oad ing   i n   Re fe rence  9. 

Ring-St i f fened   Cyl inders  

The o n l y   p r e v i o u s l y   p u b l i s h e d   r e s u l t s   f o r   r i n g - s t i f f e n e d   s h e l l s   a r e  
those  of  Hutchinson  and Amazigo f o r   r i n g - s t i f f e n e d   c y l i n d e r s   ( R e f e r e n c e  6 ) .  
I n   t h a t   p a p e r   t h e   s t r e t c h i n g  and   i n -p l ane   bend ing   r i ng   s t i f fnes ses   a r e   un i -  
f o r m l y   d i s t r i b u t e d   o v e r   t h e   s h e l l ,  and t h e   t o r s i o n a l  and out-of-plane  bending 
s t i f f n e s s e s   a r e   n e g l e c t e d .   I n   o r d e r   t o  compare t h e i r   r e s u l t s   w i t h   t h e   r e s u l t s  
of   the   p resent   computer   p rogram,   which   t rea ts   r ings   d i scre te ly ,  i t  i s  nec- 
e s sa ry   t o   choose  a c y l i n d r i c a l   s h e l l   w i t h  many r ings  of   uniform  s ize   and 
s pac ing  . 

For   t h i s   pu rpose ,  a s h e l l  was chosen  with r / t  = 100, .@./r = 0.724, and 
v = 0.3,k, r e s u l t i n g   i n   t h e   c u r v a t u r e   p a r a m e t e r  Z = ( t 2 / r t ) ( l - v 2 ) 1 / 2  = 50. 
F o r   t h e   s t i f f e n e d   c y l i n d e r ,  11 equal ly   spaced  r ings  were  chosen  with  the 
cen t ro id   t o   cen t ro id   spac ing  d = 1/11, the two outermost   r ings  being  spaced 
a d i s t a n c e   d / 2  from the  s imply  supported  edges.  The sec t ion   p rope r t i e s   u sed  
f o r   t h e   r i n g s   a r e :  A / r 2  = 1.318 x IX/r4 = 6.02 X lo-*,  
Iy = 'lXy = J = s = 0,  and z/r = 0.025 and -0.015. Assuming t h a t   t h e   s h e l l  
and r ings   have   the  same Young's  modulus,  these  values  correspond  to  what 
i s  r e f e r r e d   t o   i n   R e f e r e n c e  6 as l i g h t   s t i f f e n i n g ,   i . e . ,   A / d t  = 0.2, 
EI/Dd = 10, e / t  = 22, to   which   F igure  8 of  Reference 6 a p p l i e s .  The t a b l e  
below g ives   t he   buck l ing   p re s su res   ob ta ined ,  and the   cor responding   va lues  

, \Af te r   the   ca lcu la t ions   were  made, i t  was d i s c o v e r e d   t h a t   t h e   v a l u e  
v = 1/3 was used  in   Reference 6. 
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o f  the s e c o n d   p o s t b u c k l i n g   c o e f f i c i e n t   i n   t h e   c a s e   o f   l i v e   p r e s s u r e   l o a d i n g .  
The v a l u e s   i n   p a r e n t h e s e s  are the   buck l ing  mode harmonic  numbers. 

1y 
n s   t i f  f ened  cyl inder  

I n t e r n a l   s t i f f e n i n g a  
I n t e r n a l   s t i f f e n i n g b  
E x t e r n a l   s t i f   f e n i n g a  

a 

,Reference 6 
(Figure 8, w = 1/31 Presen t  ( W  = 0.3) 

pc/E x 10 ‘1 b 

As ide   f rom  the   no ted   d i f f e rence   i n   Po i s son’ s   r a t io ,   t he   on ly   r eason   fo r  
d i s c r e p a n c y   i n   t h e   c a s e   o f   t h e   u n s t i f f e n e d   c y l i n d e r  i s  the  use  of  Novozhilov 
she l l   t heo ry   he re   a s   opposed   t o  Donne11 theo ry   i n   Re fe rence  6.  Fo r   t he  
s t i f f e n e d   c y l i n d e r s ,   t h e   s m e a r i n g - o u t   o f  the r i n g   s t i f f n e s s   i n   R e f e r e n c e  6 
i s  a fu r the r   d i f f e rence ,   wh ich   appa ren t ly   causes   t he   g rea t e r   d i sc repancy  
i n   t h e s e   c a s e s .  

I n   o r d e r   t o   o b t a i n  a b e t t e r   c o r r e l a t i o n   w i t h   t h e   r e s u l t s   o f   R e f e r e n c e  6, 
t h e   s h e l l  was r econs ide red   w i th  i t s  rad ius   increased   by  a f a c t o r   o f  5, b u t  
w i t h   a l l   o t h e r   p r o p e r t i e s  unchanged.   Since  this  i s ,  i n   e f f e c t ,  a s h o r t e r  
she l l ,   the   assumpt ion   of   smeared   ou t   r ings   should   be  more a c c u r a t e .   I n  
o r d e r   t o   o b t a i n   t h e   b e s t   p o s s i b l e   a g r e e m e n t ,   t h e   c a l c u l a t i o n  was made only 
f o r  a  membrane p r e b u c k l i n g   s t a t e ,  as was  done in   Re fe rence   6 .  The t a b l e  
below  gives   the  buckl ing  pressures   and  the  corresponding  values   of   the  
second  pos tbuckl ing   coef f ic ien t .  

R e f e r e n c e  6 
~~ 

(Figure 8, v = 1/3)  
6 

P resen t  ( w  = 0.3) 

pC/E x 10 b b p /E  x l o 6  
C 

I n t e r n a l   r i n g s  
-0.33 4.80 (16) -0.319 4.85 E x t e r n a l   r i n g s  
-0.22 1 3.77 (15) 1 - O F 1  3.75 

~~ 

AS expec ted ,   i n   t h i s   ca se   t he   ag reemen t  i s  much b e t t e r .  

aBased  on membrane p r e b u c k l i n g   s t a t e  

bBased  on  nonl inear   prebuckl ing  s ta te  
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St r inge r -S t i f f ened   Cy l inde r  

A c y l i n d r i c a l   s h e l l  w a s  chosen   wi th  t / r  = 0.001343, E/r = 0.65,  and 
v = 0.3, co r re spond ing   t o   t he   cu rva tu re  parameter 2 = 300. I n   a d d i t i o n ,  
the   fo l lowing   s t r inger   p roper t ies   were   chosen:  EI/Dd = 100,  A/dt = 1, and 
e / t  = 6 ( e x t e r n a l   s t r i n g e r s ) .   I n   o r d e r   t o  compare   w i th   t he   r e su l t s   o f  R e f -  
erence 10, i n   w h i c h   s t r i n g e r   t o r s i o n a l   s t i f f n e s s  i s  neg lec t ed ,  GJjDd was 
s e t   t o   z e r o .  From Table 2 of   Reference  10, it i s  s e e n   t h a t   t h e   p r e d i c t e d  
c r i t i c a l  ha rmon ic   fo r   t h i s  she l l  i s  exac t ly   nc  = 10, so t h a t  no e r r o r   c a n  
be a t t r i b u t e d   t o   t h e   t r e a t m e n t   i n   t h a t   r e f e r e n c e   o f  n as a con t inuous   va r i ab le .  
The t a b l e  be low  compares   the   p re5ent   resu l t s   to   those   o f   Reference   10 .  

~ ~~ . " 

( P c ) s t i f f / ( P c ) u n s t i f f  0 >'; e a b  2 b 
- ~ ~- 

P r e s e n t   r e s u l t s  

-142. 36. -0.0042 -0.012 8.79 Reference 10 

-141.1' 36.4' -0.00360 -0.0114  8.74 

~~ L. 

Here,  b-values  are  based  on  the  buckling mode normalized  to  have a normal 
d e f l e c t i o n   a m p l i t u d e   e q u a l   t o   t h e   s h e l l   t h i c k n e s s ,  and a-values  on  an i m -  
pe r f ec t ion   shape   i den t i ca l   t o   t he   no rma l i zed   buck l ing  mode d e f l e c t i o n s .  

A s  seen ,   the   agreement   be tween  the   f in i te -d i f fe rence   resu l t s   o f   Ref -  
erence 1 0  and t h e   p r e s e n t   r e s u l t s  i s  good excep t   fo r   t he   imper fec t ion  param- 
e t e r  CY. In  Reference  16,   however ,  it i s  n o t e d   t h a t   t h i s   d i s c r e p a n c y  i s  
p r i m a r i l y   t h e   r e s u l t   o f   t r u n c a t i o n   e r r o r   i n   t h e   f i n i t e - d i f f e r e n c e   s o l u t i o n  
assoc ia ted   wi th   the   use   o f   on ly  60 f i n i t e - d i f f e r e n c e   s t a t i o n s .  The conver- 
gence   o f   t he   f i n i t e -d i f f e rence   so lu t ion   fo r  b  and a2b   a s   t he  number of 
s t a t i o n s  N i n c r e a s e s  i s  shown i n   t h e   f o l l o w i n g   t a b l e   t a k e n  from  Reference  16. 

N cr2b  b 
~ 

30 . 

-0.00395 -0.0119 95 

-0.00425  -0.0121 60 

-0.0052  -0.0130 

~~~ ~ 

These r e s u l t s  show t h a t   a s   t h e  number o f   s t a t i o n s   i n c r e a s e s ,   t h e   c o r r e s -  
p o n d i n g   f i n i t e - d i f f e r e n c e   s o l u t i o n   t e n d s   t o   b e t t e r   a g r e e m e n t   w i t h   t h e   p r e s e n t  
r e s u l t s .  Complete  numerical  agreement,  however,  can  not  be  expected  because 
of   d i f fe rences   be tween  the  Donne11 she l l   t heo ry   u sed   i n   Re fe rences   10  and 
16 and the  Novozhi lov  theory  used  here .  
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C y l i n d r i c a l . S h e l 1  Under Axial Compression 

As a f ina l   example ,   t he  case o f  a cy l inder   under  axial  compression is  
presented.   Since  under   uniform axial compress ion   the   work   def lec t ion  A i s  
s imply   the   average   end   shor ten ing ,  an i n d e p e n d e n t   c a l c u l a t i o n   o f  K* can  be 
made to   check   the   p rogram,  The f o r m u l a   f o r   t h i s  i s  

K* = (1/Ko*+A(2)/bPc)-1 

where  A(2) i s  t h e   a v e r a g e   e n d   s h o r t e n i n g   i n  ;he second-order  postbuckling 
component  and P is t h e   c r i t i c a l   l o a d .   C a l c u l a t i o n s  were made f o r  a 
monocoque c y l i n d e r  ( r / t  = 100, a / r  = 0.7, and v = 0.3)   with  both  s imply 
suppor ted   and   r ing-s t i f fened   edges .  

C 

Simply  supported  edges.  - The c o m p u t e r   r e s u l t s   f o r   t h i s   c a s e   a r e  
Pc/Pcl = 0.801 (nc = 8) where P 1 i s  the  classical c r i t i c a l   l o a d ,  
@*/Er = 0.0724, b = -4.95 x 10 s ( fo r   t he   buck l ing  mode no rma l i zed   t o  
have maximum normal d e f l e c t i o n   o f  one s h e l l   r a d i u s ) ,  and K*/Er = 0.0880. 
Note t h a t   t h e   p r e b u c k l i n g   s t i f f n e s s   f o r   t h e   c y l i n d e r   w i t h   f r e e   e d g e s  i s  
K O / E r  = 2.rrt/ll = 0.0898, s o  t h a t   s i m p l e   s u p p o r t s  make the   p rebuck led  
c y l i n d e r  less s t i f f   w i t h   r e s p e c t   t o   a x i a l   l o a d .   S e c o n d l y ,   s i n c e  b is 
n e g a t i v e ,   t h e   p o s t b u c k l i n g   l o a d - d e f l e c t i o n   c u r v e  i s  f a l l i n g   a t  a somewhat 
g r e a t e r   s l o p e   t h a n   t h e   p r e b u c k l i n g   c u r v e  i s  r i s i n g .   T h i s  i s  t h e   c l a s s i c a l  
p i c t u r e  of the   pos tbuckl ing   equi l ibr ium  pa th   doubl ing   back   under   the   p re-  
buckl ing  path.   The  computat ion  of  K* was v e r i f i e d   s i n c e   t h e  hand c a l c u l a t i o n  
of K* u s ing   Equa t ion   (29 )   checked   t he   p r in t ed   va lue   t o  a t  l e a s t   f o u r  
s i g n i f i c a n t   d i g i t s .  

Rinp-s t i f fened   edges .  - I n   t h i s   c a s e   t h e   s h e l l   e d g e s   a r e   s u p p o r t e d  
by i n t e r n a l   s q u a r e   r i n g s   o f   w i d t h   3 t  and t h e  axial load  i s  app l i ed  
a t   t h e   r i n g   c e n t r o i d .  The c o m p u t e r   r e s u l t s   f o r   t h i s   c a s e   a r e   P c / p c l  = 0.0167 
(nc = 2) ,  Ko*/Er = 0.0118, b = -3.93,  and K*/Er = -1.357 x 10-5. I n   t h i s  
case, t h e  work d e f l e c t i o n  i s  n o t   t h e   e n d   s h o i t e n i n g   o f   t h e   s h e l l   b u t   r a t h e r  
t h e   r e l a t i v e   a x i a l   s h o r t e n i n g   o f   t h e   d i s t a n c e   b e t w e e n   t h e   ( e c c e n t r i c )   r i n g  
cen t ro ids .  A s  a r e s u l t   o f   t h e   o u t - o f - p l a n e   b e n d i n g   f l e x i b i l i t y   o f   t h e  
r i n g s ,   t h e   p r e b u c k l i n g   s t i f f n e s s  is d r a s t i c a l l y   r e d u c e d .  On t h e   o t h e r  
h a n d ,   t h e   r i n g   e c c e n t r i c i t y   i n c r e a s e s   t h e   b u c k l i n g   l o a d   o f   t h e   e s s e n t i a l l y  
i n e x t e n s i o n a l  mode b y   c a u s i n g   r i n g   s t r e t c h i n g   t o   o c c u r   d u r i n g   b u c k l i n g .  
W i t h   n o   e c c e n t r i c i t y   t h e   i n e x t e n s i o n a l   b u c k l i n g   t h e o r y   g i v e s   [ s e e   E q u a t i o n   ( 2 2 )  
of  Reference 71 Pc/Pcl = 0.0108. The pos tbuckl ing   load-def lec t ion   curve  
a g a i n   f a l l s   ( n e g a t i v e   b )   b u t   t h i s  time a t  a s m a l l   n e g a t i v e   s l o p e .  The hand 
c a l c u l a t i o n   o f  K* aga in   checked   t he   p r in t ed   va lue   t o  a t  least f o u r   s i g n i f i c a n t  
d i g i t s .  
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CONCLUDING REMARKS 

A d ig i t a l   compute r   p rog ram  has   been   deve loped   fo r   t he   i n i t i a l   pos t -  
b u c k l i n g   a n d   i m p e r f e c t i o n   s e n s i t i v i t y   a n a l y s i s   o f   b u c k l i n g  modes of   genera l  
r i ng - s t i f f ened   she l l s   o f   r evo lu t ion .   Th i s   p rog ram treats n o n l i n e a r  
prebuckl ing  states and l i v e   p r e s s u r e   l o a d i n g ,   a n d  compares f o r  a given 
mean squa re   angu la r   imper fec t ion   ampl i tude   t he   wors t   imper fec t ion   shape  
w i t h   t h e   b u c k l i n g  mode imperfec t ion   shape .   The   range   of   ampl i tudes   t rea ted  
is ex tended   t o   imper fec t ions   o f   modera t e   s i ze  by comput ing   bo th   the   f i r s t :  
and  second  imperfect ion  parameters .  Assuming t h a t   t h e  mean squa re  
imperfec t ion   measure   used   charac te r izes  a p a r t i c u l a r   t y p e   o f   s h e l l  
s t r u c t u r e  and a p a r t i c u l a r   t y p e   o f   c o n s t r u c t i o n ,   c o r r e l a t i o n   o f   t h e  
computer r e s u l t s   w i t h   e x p e r i m e n t   s h o u l d   p r o v i d e  a b a s i s   f o r   r e a l i s t i c  
p r e d i c t i o n   o f   b u c k l i n g   l o a d s   o f   p r a c t i c a l   s t r u c t u r e s .  
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APPENDIX A 

SHELLS WITH DOME CLOSURES 

S o l u t i o n   € o r  Second-Order Pos tbuck l ing  State 

S h e l l s   w i t h  dome c l o s u r e s  are t r e a t e d   b y   d e l e t i n g  a small s p h e r i c a l  
cap   conta in ing   the   po le   and   genera t ing   appropr ia te   boundary   condi t ions   in  
terms of  t h e   e i g h t   b a s i c   s h e l l   v a r i a b l e s  (P,Q,S,M1,c,q,v,x) f o r   t h e  
a r t i f i c i a l   e d g e  s o  c rea ted .   These   boundary   condi t ions ,   which   represent  
t h e   d e l e t e d   c a p   t o   f i r s t   o r d e r   i n   t h e   e d g e   r a d i u s ,  are d e r i v e d   i n   t h i s  
appendix. 

Based  on t h e   f i n i t n e s s   o f   t h e   l i n e a r i z e d   s t r a i n   e x p r e s s i o n s   o n e   c a n  
d e r i v e ,   i n  a manner similar t o   t h a t   i n   R e f e r e n c e  8, t h e   f o l l o w i n g   r e s u l t s  
v a l i d  a t  a p o l e  

2 
n S  = o  
q+nv = 0 

nq+v = 0 

el = 

. .  
e = n+nv 2 

e12 = +nrl 
” 
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I 

For   the  terms with  ambiguous s igns i n  Equat ions (A-Z),  t h e   u p p e r   s i g n s  
apply  a t  an i n i t i a l   p o l e ,  a t  which r 1  = 1, a n d   t h e   l o w e r   s i g n s   a p p l y  a t  a 
f i n a l   p o l e ,  a t  which r1 = -1. The  do ts   above   the   symbols   denote   d i f fe ren t ia -  
t i o n   w i t h   r e s p e c t   t o   t h e   r a d i u s  r. From Equat ions (A-l) and (A-2) boundary 
cond i t ions  are d e r i v e d   f o r   t h e   a x i s y m e t r i c   a n d   t h e   s i n u s o i d a l   p r o b l e m s   o f  
the  second-order   postbuckl ing state.  

Axisymmetric  problem. - From  Equations (A-1) and (A-Z),  t he   fo l lowing  
r e l a t i o n s   h o l d  to  f i r s t  o r d e r   i n  r a t  t h e   a r t i f i c i a l   e d g e  

0 = rq = re 1 

Using  the l a s t  of   Equat ions (A-1) and  Equations  (14b),  (19), (20),   and  (25),  
Equations (A-3) become 

It can  be shown t h a t  a t  a p o l e   t h e   r o t a t i o n  0 i s  t h e   o r d e r  of  s t r a i n  
and   hence   negl ig ib le   in   Equat ions  ( 1 9 ) ,  s o  t ha t   t he   O( l ) - t e rms   i n   Equa t ions  
(A-4) are a l s o   n e g l i g i b l e .   I n   f a c t ,   t h e   r i g h t - h a n d   s i d e s  of  Equations (A-4) 
are n e g l i g i b l e   u n l e s s   n c  = 1, s i n c e   f o r   n c  # 1, = 9 a t  a pole .  

Since  the  axisymmetric  problem i s  t o r s i o n l e s s ,  a th i rd   boundary  
cond i t ion  i s  s imply S = 0.  The f o u r t h   c o n d i t i o n  may be  der ived  f rom  the 
f i r s t   o f   t h e   e q u i l i b r i u m   e q u a t i o n s  (ll), which  for   the  axisymmetr ic   problem 
reduces   t o  

In t eg ra t ion   o f   Equa t ion  (A-5) between  the limits r = 0 and r = r g ives  a t  
the  edge 
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From t h e   t h i r d  of Equa t ions   (18 )   and   t he   f i r s t   o f   Equa t ions  (A-3), it foll-ows 
t h a t  

Combination of Equat ions (A-6) and (A-7) gives   the   des i red   boundary   condi -  
t i on ,   wh ich ,   i n   v i ew of t h e   r e l a t i o n   e 2  = o/r, may be w r i t t e n  as 

The second  and   th i rd  terms of  Equation (A-8) arise o n l y   i n   t h e   c a s e   o f  a 
l i v e   p r e s s u r e   f i e l d .  

Sinusoidal   problem. - I n   t h i s   c a s e ,   a l l   f o u r  boundary  condi t ions  are  
d e r i v a b l e   f r o m   t h e   f i r s t - o r d e r   r e l a t i o n s   o b t a i n a b l e   f r o m   E q u a t i o n s  (A-1) 
and (A-2),  v i z .  

= re 1 

v = r ( n e  +e ) / n  2 2- 12 

The f i r s t   o f   E q u a t i o n s  (A-9) is a l r eady  a su i t ab le   boundary   cond i t ion .  The 
remain ing   th ree  are transformed ir. a fa sh ion  similar t o   t h a t   i n   o b t a i n i n g  
Equations (A-4) t o   g i v e   [ n e g l e c t i n g  0 (I)] 

+ r h  Q+rX34M1-(1+A +n 2 A23/2R2)~-n(X +A / R  )v7(1-n 2 /2)A23~ = r(l-X13)j( (1) Z l 4  - 3 3   1 3   1 3  23 2 
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C o r r e c t i o n   o f   I n t e g r a l s  

In   addi t ion  to   employing  the  above  boundary  condi t ions a t  an a r t i f i c i a l  
e d g e   c r e a t e d   b y   d e l e t i n g   t h e  small p o l a r  cap, a f i r s t - o r d e r   c o r r e c t i o n  
i s  made t o   t h e   i n t e g r a l s   r e q u i r e d   i n   t h e   f u n c t i o n a l   e v a l u a t i o n   ( A p p e n d i x  B) 
t o   a c c o u n t   f o r   t h e   n e g l e c t   o f   t h e   i n t e g r a l   o v e r   t h e   d e l e t e d   c a p .   T h e s e  
i n t e g r a l s  are of the  form / Yrds ,   and   the   cont r ibu t ion   over  a de le ted   cap  
of  edge  radius r i s  s 

Yrds = 2 I r ( r / r 1 ) Y d r  
cap 0 

I n   e i t h e r - c a s e ,   o n e   o b t a i n s  

r 
/ Yrds = 1 [Ylr=O+O(r)]rdr = r \Y/2+0(r ) 

2 3 

cap 0 

(A-11) 

(A- 12  ) 

Thus t h e   c o r r e c t i o n  i s  r Y / 2 ,  where   the   in tegrand  Y i s  e v a l u a t e d   a t   t h e  
a r t i f i c i a l   e d g e .  

2 
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APPENDIX B 

EVALUATION OF FUNCTIONALS 

T h e   g e : l e r a l   f o n n u l a s   f o r   t h e   f u n c t i o n a l s   b ,  K*, a, and B are 
gi.7en i n   R e f e r e n c e s  11 and 12 .  I n  t h i s  appendix,K?'  hese  formulas are 
s - jec ia l ized  t-3 r i n g - s t i f f e n e d   s h e l l s   o f   r e v o l u t i o n   w i t h   a n  axisymmetric 
t o r s i o n l e s s   p r e h u c k l i n g  state.  These   spec ia l i zed   fo rmulas   can   be   s imp l i f i ed  
to s i n g l e   i n t e g r a l s   o v e r  the  shel l  m e r i d i a n   p l u s   a l g e b r a i c  sums over  a l l  
~ i n i ; : ;  by   mak ing   u se   o f   t he   t r i gonomet r i c   i den t i t i e s ,   va l id   fo r  n # 0,  

2Tl 
1 cos  n@d@ = 1 s i n   n + d +  = TI 

2 2Tl 2 

0 0 

2TI  2TI 
/ cos2n@cos  n+d+ = -! cos2n+sin  n@d+ = n/2  
0 0 

2 2 

I n  a l l  cases t h e   v a r i a b l e s  shown f o r   t h e   b u c k l i n g  mode and t h e   s i n u s o i d a l  
component  of the   second-order   pos tbuckl ing  s t a t e  are harmonic  amplitudes  of 
t h e   c o r r e s p o n d i n g   t o t a l   q u a n t i t i e :  . S i n c e   f o r   t h i s   s t u d y   a x i s y m m e t r i c  
buckl ing  modes are u n i n t e r e s t i n g ,  a l l  formulas shown are f o r   t h e  case n # 0. 

C 

Second  Pos tbuckl ing   Coeff ic ien t ,  b 

The g e n e r a l   f o r m u l a   f o r  b i s  g iven  by Equation  (22b)  of  Reference 11. 
This   fo rmula ,   s imp l i f i ed  by s e t t i n g  a t o   z e r o ,  i s  

b =  

To e v a l u a t e  
computed. 

- [ a 2 ' L 2 ( U 1 ) + 2 a l ' L 1 1 ( ~ ~ , ~ ~ ~ l / ~ c F  (1) (u,,u,> (B-2) 

b ,   t h e   t h r e e   f u n c t i o n a l s  shown i n   E q u a t i o n  (B-2) must  be 
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~ ( l )  (u, ,~,) .  - F o r   s h e l l s  of r e v o l u t i o n   o n e   o b t a i n s   f r o m   t h e   d e f i n i t i o n  

of F ( l ) ( u , v )  g i v e n   i n   R e f e r e n c e  11 

where 

The terms g iven  by Equat ions ( B - 4 )  r e p r e s e n t   l i v e   p r e s s u r e   l o a d i n g  and 
a r e   s e t   t o   z e r o   f o r   d e a d   l o a d i n g .  It may be n o t e d   t h a t   e x c e p t   f o r  two 
small differences  ( l / . )F( l )   (u1,uI)  i s  minus  the  inner  product of  t h e  
buckl ing mode w i t h   i t s e l f ,  as defined  by  Equation  (32)  of  Reference 13 .  
These   d i f fe rences   a re :  (1) i n   t h e   i n n e r   p r o d u c t ,   t h e   d e r i v a t i v e s  of the 
p r e b u c k l i n g   s t a t e   v a r i a b l e s   w i t h   r e s p e c t   t o  X a r e   gene ra l ly   eva lua ted  
a t  X,, whereas   in   Equat ion  (B-3) t h e y   a r e   e v a l u a t e d  a t  X,; and (2)   the 
te rms   depending   on   the   p rebuckl ing   s ta te   in   the   formula   for  T (I), v i z .  1 2  
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have   been   neglec ted   in   the   inner   p roduct .   S ince   the  par t ia l  d e r i v a t i v e s  
w i t h   r e s p e c t   t o  X of Equat ion  (B-3) i n p u t   t o   t h e   p r o g r a m   a r e   e v a l u a t e d  
a t  Xo, t h e   v a l u e   o f  F (1) (u1,ul)   computed  by  the  program  contains   in   general  
an e r r o r   w h i c h   d i m i n i s h e s   w i t h   t h e   d i f f e r e n c e  Xc  - A,. This  approximate 
va lue ,   d iv ided   by  -n, is pr in ted   ou t   and   denoted  as t h e   i n n e r  pr-Dduct. I f  
the   op t iona l   p rebuckl ing   da ta ,   which   conta ins   the   cor responding   second par t ia l  
der i1 :a t ives   wi th   respec t   to  X eva lua ted  a A, i s  i n   u t   ( s e e  page 4 3 ) ,  t hen  
a f i r s t - o r d e r   c o r r e c t i o n   i n  X, - X, is  made t o  -F( P ) ( u l , u l ) / T ,  and t h e  
c o r r e c t e d   v a l u e  i s  p r i n t e d   o u t  and  denoted as the   co r rec t ed   i nne r   p roduc t .  

a2*L2(u1). - Denoting  the  axisymmetric  components  of  the  second-order 

s t a t e   v a r x b l e s  by t h e   p r e c e d i n g   s u b s c r i p t  0 ,  and   the   ampl i tudes  o f  t h e  
sinusGidal  components by the p r e c e d i n g   s u b s c r i p t  2, one  has 

2n 
u - L  (u  ) = / / {[OT1+2Tlc~~2nc+] [ x ( ~ ) ~ c o s  2 nc++B(1)2sin2n $1 
2 2 1  s o  C 

+[oT2+2T2~~~2nc~][$(1)2+e(1)2~sin2n C + 

Employing  Equations (E-1), Equation (B-6) s i m p l i f i e s   t o  
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u ~ * L ~ ~ ( u ~ , u ~ ) .  - I n  a f a sh ion  similar t o  tha t  f o r  a2*L2(u1)  one  can 

show 

P r e b u c k l i n g   S t i f f n e s s ,  KO 

Although  the  value o f  KO i s  inpu t   t o   t he   pos tbuck l ing   p rog ram,   r a the r  
than computed  by i t ,  f o r  the s a k e  of  completeness i t  i s  a l so   d i scussed   he re .  
The gene ra l   fo rmula   fo r  K is  g iven  by Equation ( 2 5 )  of  Reference 11, v iz .  

0 

The f u n c t i o n a l  u o - ~ o  i s  g iven  by 

I n  Equation (B-10) t h e   p r e b u c k l i n g   s u p e r s c r i p t  (0) has   been   omi t ted   s ince  
a l l  r e s p o n s e   v a r i a b l e s   p e r t a i n   t o   t h e   p r e b u c k l i n g  state. 

I n i t i a l   P o s t b u c k l i n g   S t i f f n e s s ,  Kfc 

The   genera l   formula   for  K* is given  by  Equat ion (31) of  Reference 11, 
v iz .  

K* = K6/[1+(K6/2bXc) (01-~1+20E*~2)] 2 

To e v a l u a t e  K", two new f u n c t i o n a l s   m u s t   b e  computed. 

(B-11)  
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U1'E1. - T h i s   f u n c t i o n a l  i s  most ea s i ly   ob ta ined   f rom  the   fo l lowing  

re la t ion ,   which   fo l lows   f rom  Equat ion  (812) of  'Reference 11. 

F o r   s h e l l s   o f   r , : v o l u t i o n ,   t h i s   s p e c i a l i z e s   t o  

(B-13) 

where X(1), , and are l i v e   p r e s s u r e  terms given  by  Equation (B-4). 1 3 

~ 8 - c ~  . - Aithough c 2  has b o t h  a symmetric  and  sinusoidal  component,  

t h e   s i n u s o i d a l  c: :mponent   contr ibutes   nothing tL) t h i s  f unc t iona l   because  
2n 2 n  

o f   t h e   t r i g o n o m e t r i c   i d e n t i t i e s  1 s inn@d@ = 1 cosn@d@ = 0. Consequently,  
0 0 

t he   fo rmula   r educes   t o  

( B - 1 4 )  

F i r s t   I m p e r f e c t i o n   P a r a m e t e r ,  a 

Worst   imperfect ion  shape.  - The maximum va lue   o f  c1 is  given by 
Equat ions (8) and ( 9 ) .  If the   buck l ing  mode v a r i a b l e s   i n   E q u a t i o n s  (6)  are 
i n t e r p r e t e d  as harmonic  ampli tudes,   then  Equat ion (8) becomes 

p 2  = n[A](X 2 2 2  +Y +Z ) r d s + ( 2 ~ C a ) l a ( f i ~ + f i  ) ]  
S k k  

2 2  
Y 

(B-15) 
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N o t e   t h a t   t h e  las t  iwo terms of   the   numera tor   do   no t   depend on t h e  
imper fec t ion   shape  U. One o b t a i n s   f o r   t h e s e  terms, f r o m   t h e i r   d e f i n i t i o n s ,  

(B-22) 

and 

where C and G are t h e   s h e l l  w a l l  m e r i d i o n a l   s t r e t c h i n g   a n d   s h e a r   s t i f f n e s s e s  
denoted  by C(O) and G(O) i n  Reference 14. 1 

Worst   imperfect ion  shape.  - In t h i s  case, o n e   o b t a i n s  

I m p e r f e c t i o n   s h a p e   p r o p o r t i o n a l   t o   b u c k l i n g  mode. - I n   t h i s   c a s e ,   o n e  
o b t a i n s   f r o m   t h e   d e f i n i t i o n   o f   F I l ) ( u l , u l )  

(B-25) 
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T h e   s e c o n d   f u n c t i o n a l   i n   t h e   b r a c k e t s   s p e c i a l i z e s   t o  
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APPENDIX C 

COMPUTER  PROGRAM USER'S MANUAL 

A postbuckl ing  computer   program  has   been  wri t ten i n  CDC FORTRAN 2.0 
language t o   r u n   u n d e r   t h e  SCOPE 3.0 opera t ing   sys tem.  It r e q u i r e s  a co re  
space  of   approximately 624008 w o r d s   a n d   o p e r a t e s   i n   t h e  OVERLAY mode. The 
program i s  u s e d   t o   d e t e r m i n e   t h e   i n i t i a l   p o s t b u c k l i n g   b e h a v i o r   a n d   i m p e r f e c -  
t i o n   s e n s i t i v i t y   o f   u n i q u e   b i f u r c a t i o n   b u c k l i n g  modes o f   d i s c r e t e l y   r i n g -  
s t i f f e n e d   o r t h o t r o p i c  e l a s t i c  s h e l l s   o f   r e v o l u t i o n   s u b j e c t e d   t o   a x i s y m m e t r i c  
t o r s i o n l e s s   l o a d s .  

Genera l   Descr ip t ion   of   Program  Capabi l i ty  

A t  e a c h   m e r i d i o n a l   s t a t i o n   t h e   s h e l l  w a l l  may c o n s i s t   o f  as many as 
f i v e   o r t h o t r o p i c   l a y e r s ,   i n   e a c h   o f   w h i c h  elastic p r o p e r t i e s  may vary 
o n l y   i n   t h e   m e r i d i o n a l   d i r e c t i o n .  A t  each material p o i n t   t h e   s h e l l  i s  
assumed t o   p o s s e s s   o r t h o t r o p i c   p r i n c i p a l   a x e s   i n   m e r i d i o n a l   a n d  
c i r c u m f e r e n t i a l   d i r e c t i o n s .  A l l  geometr ic   and   mechanica l   p roper t ies   o f  
t h e   s t r u c t u r e  are assumed to   be   ax isyr r imet r ic ,   bu t  may h a v e   a r b i t r a r y  
m e r i d i o n a l   v a r i a t i o n .   L i v e   n o r m a l   p r e s s u r e   f i e l d s ,   i n c l u d i n g   m e r i d i o n a l  
and   no rma l   p re s su re   g rad ien t s ,  are t r e a t e d .   T h e   s h e l l  may b e   s t i f f e n e d  
by : 

(1) up t o  3 2  i n t e r i o r   r i n g s ,   f o r  a maximum t o t a l   o f  3 4  r i n g s   i n c l u d i n g  
two e d g e   r i n g s ,  

( 2 )  s t r i n g e r s ,   w h o s e   s t i f f n e s s  i s  c i r c u m f e r e n t i a l l y   d i s t r i b u t e d ,  and 

( 3 )  an  e l a s t i c  f o u n d a t i o n   a t t a c h e d   t o   t h e   s h e l l  wall .  

Input  Data 

The i n p u t   d a t a   c o n s i s t s   e s s e n t i a l l y   o f :  (1) a c a s e  t i t l e  card  and 
a case   op t ion   ca rd ,  ( 2 )  i n p u t   t a b l e s   g i v i n g   b a s i c   s t r u c t u r a l   d a t a  as a 
f u n c t i o n   o f   m e r i d i o n a l   d i s t a n c e ,  ( 3 )  a prebuckl ing  data   deck  (generated  by 
a nonl inear   p rebuckl ing   program) ,  ( 4 )  a buck l ing  mode da ta   deck   (genera ted  
by a buckl ing  program),  (5) d i s c r e t e   r i n g   d a t a ,   a n d  (6) general   boundary 
cond i t ion   ma t r i ces .  Each   o f   t hese   t ypes   o f   i npu t  are d e s c r i b e d   f u r t h e r  
below. 
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Case t i t l e  and  opt ion  cards .  - The f i r s t   c a r d   o f   e a c h  case i s  a t i t l e  
ca rd ,  on   which   any   shor t   descr ip t ion   of   the   p roblem may b e  punched i n  
s t a n d a r d   a l p h a n u m e r i c   s y m b o l s   i n   t h e   f i r s t  72 columns.  The  second  card 
of   each  problem is a case o p t i o n   c a r d  (see F igure  2).  Bes ides   g iv ing   t he  
r e l a t i v e   e r r o r   t o l e r a n c e   f o r   t h e   f o r w a r d   i n t e g r a t i o n   r o u t i n e ,  and p rov id ing  
a n   i n d i c a t o r   f o r   t h e   c a l c u l a t i o n   o f  K* and f3 (which   requi re   an   en la rged  
p r e b u c k l i n g   d a t a   d e c k ) ,   t h i s   c a r d   a l l o w s ,   i n  a sequence  of  problems, 
groups   o f   da ta   to   be   t aken   f rom  the   p receding   problem.  Columns 6,  8, 10 ,   12 ,  
1 4 ,  16,  20,  76,  and 78 are i n p u t  as e i t h e r   b l a n k   o r  1. Columns  48-59 are read  
i n  E12.4 fo rma t .   Th i s   da t a   has   t he   fo l lowing  meaning. 

Col. 6 blank: 
1 :  

Col. 8 blank: 
1 :  

Col. 10 blank: 
1 :  

Col. 1 2  blank: 

1 :  

Col. 1 4  b lank  : 
1 :  

Col.  16  blank: 
1 :  

Col. 20 blank: 

1 :  

geometry  (Table   1)   taken  f rom  previous case 
new geometry t o   b e   i n p u t  

w a l l  p roper t ies   (Table   2 )   t aken   f rom  prev ious  case 
new wal l  p r o p e r t i e s   t o   b e   i n p u t  

foundation  moduli   (Table 3) taken  f rom  previous  case 
new founda t ion   modu l i   t o   be   i npu t  

s t r i n g e r   p r o p e r t i e s   ( T a b l e  4 )  taken  from  previous 
case 
new s t r i n g e r   p r o p e r t i e s   t o   b e   i n p u t  

p re s su re   g rad ien t   (Tab le  5) taken  from  previous  case 
new p r e s s u r e   g r a d i e n t   t o   b e   i n p u t  

prebuckl ing   da ta   t aken   f rom  prev ious   case  
new p r e b u c k l i n g   d a t a   t o   b e   i n p u t  

a l l  boundary  data  taken  from  previous  case 
( co l .  5 of  Table 1 does  not   apply)  
co l .  5 of  Table 1 c o n t r o l s   i n p u t   o r   g e n e r a t i o n  
of  boundary  conditions 

Cols. 48-59 r e l a t i v e   e r r o r   t o l e r a n c e   f o r   v a r i a b l e   s t e p  Runge-Kutta 
fo rward   i n t eg ra t ion   sub rou t ine  

Col. 76 blank: K* and B n o t  computed ( i f  co l .  16  = 1, inpu t   s t anda rd  
prebuckl ing   da ta   deck)  

prebuckl ing   da ta   deck)  

Col .  78 b l a n k :   a b o r t   r u n   i f   s u b i n t e r v a l   l e n g t h   c r i t e r i o n  is 

1 : K* and  computed ( i f  co l .   16  = 1, input   en la rged  

exceeded 

s u b i n t e r v e l   l e n g t h   c r i t e r i o n   e x c e e d e d  
1 : p r i n t   d i a g n o s t i c   b u t   c o n t i n u e   e x e c u t i o n   i f  
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I f   t h e   i n d i c a t o r  1 i s  u s e d   f o r   T a b l e s  3 ,  4 ,   o r  5 a n d   t h a t   t a b l e  i s  absent  
f rom  the   cor responding  case deck, i t  i s  assumed t h a t   t h a t   t a b l e   d o e s   n o t  
apply  ( i .e . ,  i t  w i l l  b e  se t  t o   z e r o ) .   T a b l e s  1 and 2 can  be  omit ted  only 
i f   t h e   c o r r e s p o n d i n g   i n d i c a t o r  i s  l e f t   b l a n k .  A s  an  example,  columns 6 
through  20 are l e f t   b l a n k   i f   t h e   p r e v i o u s   p r o b l e m   i n  a sequence  of  problems 
co r re sponds   s imply   t o  a d i f f e r e n t   b u c k l i n g  mode o f   t h e  same s t r u c t u r e   b a s e d  
on   the  same prebuck l ing   da t a .  A means f o r   t a k i n g   i n d i v i d u a l   b o u n d a r y   d a t a  
f rom  the   p rev ious  case i s  provided  by  column 5 of   the   geometry   t ab le   cards  
(see  below). A r e l a t i v e   e r r o r   t o l e r a n c e   o f   0 . 0 1  i s  usua l ly   adequate ,  
a l t h o u g h   i f  columns 48-59 are l e f t   b l a n k ,   t h e   v a l u e   0 . 0 0 1  w i l l  be  used. 

I n p u t   t a b l e s .  - F i v e   d i f f e r e n t   b a s i c   t a b l e s  may be   input   (See   F igure  3 ) .  
T h e s e   t a b l e s   a r e   l i s t e d   b e l o w   w i t h   t h e   i n p u t   v a r i a b l e s   i n   p a r e n t h e s i s .  A l l  
o f   t h e s e   v a r i a b l e s   a r e   i n p u t   i n  E12.4 format.   Each  card  of  each  of  these 
t a b l e s   p r e s c r i b e s   d a t a   a t   o n e   p o i n t   o f   t h e   s h e l l   m e r i d i a n .  

Table  

1 Geometry (s, r,  r '  , r/R2) 

2 Wall p r o p e r t i e s  (E1, E2, E12, wl, h)  

3 Foundation  moduli  (kl,  k2,  k3) 

4 S t r i n g e r   p r o p e r t i e s  (NEA, NEI, NGJ, Z )  

5 Pressure   g rad ien t   (ap /ax ,   ap /ay)  

Table  5 i s  used   on ly   wi th  a l i v e   p r e s s u r e   f i e l d .  

Geometry: I n   o r d e r   t o   d e f i n e   t h e   g e o m e t r y  of a r e fe rence   su r f ace ,  a 
coord ina te   sys tem  must   be   es tab l i shed .*  A right-handed ( s , Q , z )  coord ina te  
system i s  used,  where s measures   mer id iona l   a rc   d i s tance   f rom an a r b i t r a r y  
reference  point   (e .g . ,  a s h e l l   e d g e ) ,  $ measures   c i rcumferent ia l   angle   f rom 
an a rb i t r a ry   r e f e rence   mer id i an ,   and  z measures   normal   dis tance  f rom  the 
r e fe rence   su r f ace .  The sense   o f   coo rd ina te   d i r ec t ions  i s  immater ia l   as  
long  as they  form a r igh t -handed   t r i ad .   In   t he   fo l lowing   d i scuss ion   t he  
s h e l l   i n n e r   s u r f a c e  w i l l  mean the   she l l   su r f ace   where   t he   pos i t i ve  
z - d i r e c t i o n   p o i n t s   i n t o   t h e   i n t e r i o r   o f   t h e   s h e l l   w a l l .  

*For the   pu rpose -o f   de f in ing   she l l   geomet ry ,   t he   r e f e rence   su r f ace  
is usua l ly   t aken  as t h e   s h e l l   m i d d l e   s u r f a c e .  However, i t  i s  w i t h i n   t h e  
a c c u r a c y   o f   t h i n   s h e l l   t h e o r y   t o   u s e  any conven ien t   su r f ace   w i th in   t he  
s h e l l   w a l l .  
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Each c a r d   o f   t h i s   t a b l e   g i v e s   t h e   v a l u e s   o f  s (columns  13-24), r (columns 
25-36) , r' (columns 37-48) , and  r/R2  (columns  .47-60) a t  o n e   p o i n t   o f   t h e   s h e l l  
meridian.  As shown i n  the diagram, r i s  t h e  (minimum) d i s t a n c e   t o   t h e   a x i s  
of   revolu t ion ,   and  R2 is  n u m e r i c a l l y   e q u a l   t o   t h e   d i s t a n c e   a l o n g  a s u r f a c e  
normal  measured t o   t h e  axis of   revolu t ion ;   fur thermore ,  r' = s i n  y and 
r/R2 = cos y. By convent ion,  r is  a l w a y s   p o s i t i v e ,   b u t  R2 i s  p o s i t i v e   o n l y  
i f   t h e   p o s i t i v e   z - d i r e c t i o n   p o i n t s  away f rom  the   ax i s   o f   r evo lu t ion .  

MERIDIAN 

OF REVOLUTION 

Two consecu t ive   ca rds   i n   Tab le  1 w i t h   t h e  same va lues   o f  s and r 
d e f i n e  a p o i n t   o f   s u b d i v i s i o n  of t h e   s h e l l   m e r i d i a n .  The f i r s t   c a r d   p r e s c r i b e s  
da t a   immedia t e ly   l e fo re   t he   subd iv i s ion   po in t   and   t he   s econd   ca rd   p re sc r ibes  
data   immediately a f t e r  the   subd iv i s ion   po in t .   Th i r ty - two   such   po in t s   a r e  
allowed. A s u b d i v i s i o n   p o i n t  is r e q u i r e d  a t  t h e   l o c a t i o n   o f :  

( 1 )   a n   i n t e r i o r   r i n g   o r   o t h e r  e l a s t i c  at tachment ,  

(2) a c i r c u m f e r e n t i a l   l i n e   l o a d ,  

(3) a mer id i .ona1   d i scon t inu i ty   i n   i npu t   da t a   ( e .g . ,   t he   j unc tu re  o f  
a cone  and a c y l i n d e r   o r  a change i n   t h e  number o f   w a l l   l a y e r s ) ,  and 

(4) a f i c t i t i o u s  boundary   i n se r t ed   t o  l i m i t  s u b i n t e r v a l   l e n g t h .  

F i c t i t i ous   boundar i e s   shou ld   be   i n se r t ed   acco rd ing   t o   t he   ru l e -o f - thumb 

where A i  i s  t h e   a x i a l   s u b i n t e r v a l   l e n g t h ,  and rav and tav a re   t he   ave rage  
r a d i u s  and t h i c k n e s s   o v e r   t h e   s u b i n t e r v a l  considered.*  This  requirement 

. . .. . . .  "" ~ 
~ .. ~~~ " -~ ~. 

*It is o f t e n  easier t o  u s e   t h e   a l t e r n a t e '   c r i t e r i o n  As<3(R2 t )1 /2 .  
F o r   o r t h o t r o p i c   l a y e r e d   s h e l l s   t h e s e  c r i te r ia  may be   app l i ed   w i th  t 
rep laced  by  (12Ds/C4)1/2,  where Ds is the   mer id iona l   bend ing   s t i f fnes s   and  
C4 is t h e  hoop s t r e t c h i n g   s t i f f n e s s .  

av av  
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is  necessa ry   t o   con t ro l   numer i ca l   round-o f f   e r ro r .   I f  a s u b i n t e r v a l  is 
too   l ong ,   t he   p rob lem w i l l  be   abo r t ed   ( i f   co l . '   78   o f   t he  case o p t i o n   c a r d  i s  
b lank)   and   an   appropr i a t e   d i agnos t i c   p r in t ed .  

I n   a d d i t i o n   t o   t h e   b a s i c   g e o m e t r i c a l   d a t a ,   s u p p l e m e n t a l   d a t a  i s  i n p u t  
on  the  geometry  cards   in   columns 1, 3, 5, and  10-12. Columns 1 and  10-12 
have a similar f u n c t i o n   f o r   e a c h   o f   t h e   t a b l e s .  Column 1 is  used   p r imar i ly  
f o r   t a b l e   i d e n t i f i c a t i o n .  The f i r s t   c a r d   o f   T a b l e  1 should   have   the  
i d e n t i f i e r  1 i n  column 1. Each  card  of   Table  1 (and  of   the   o ther   four  
t a b l e s )  must  have  an  entry number  (5100) r i g h t   a d j u s t e d   i n  columns  10-12. 
The e n t r y  number starts a t  1 a t  t h e   i n i t i a l   s h e l l  edge  and  increases  by 
whole  number  amounts on e a c h   s u c c e e d i n g   c a r d .   I f   f o r  two consecut ive  
cards   of   Table  1, t h e   e n t r y  number i n c r e a s e s  by  more than   un i ty ,  s ,  r ,  r ' ,  
and  r/R2 are a u t o m a t i c a l l y   g e n e r a t e d   f o r   t h e   i n t e r v e n i n g   e n t r y  numbers by 
l i n e a r   i n t e r p o l a t i o n   w i t h   r e s p e c t   t o   t h e   e n t r y  number.  This  process  of 
i n t e r p o l a t i o n  may b e   s u p p r e s s e d   b y   r e p e a t i n g   t h e   t a b l e  number i n  column 1 
on the  second  card  (see  page  48) .  The e n t r y  number a l s o   s e r v e s   t o   r e l a t e  
d a t a   b e t w e e n   d i f f e r e n t   t a b l e s   t o   t h e  same mer id iona l   po in t .  

Each subin terva l   should   have  a t  l e a s t   o n e   i n t e r i o r   p o i n t ,   i . e  ., t h e  
e n t r y  numbers  of  the i n i t i a l  and f ina l   po in t   o f   each   sub in te rva l   shou ld  
d i f f e r  by a t  least  2 .   A l so ,   i n t e r io r   po in t s   w i th in   each   sub in te rva l   shou ld  
have  equal   s-spacing,   a l though  the  spacing may b e   d i f f e r e n t   f o r   d i f f e r e n t  
sub in te rva l s .   No te   t ha t   i n   Tab le  1 o n l y   i n t e r i o r   p o i n t s   o f   e a c h   s u b i n t e r v a l  
can   be   i n t e rpo la t ed   po in t s ,   s ince  a po in t   o f   subd iv i s ion  i s  def ined  by  in-  
p u t t i n g  two c a r d s   f o r  it. The a c t u a l  number o f   ca rds   i npu t   fo r   Tab le  1 
i s  therefore   de te rmined   by   the  number o f   subd iv i s ion   po in t s  and the   degree  
o f   v a r i a t i o n   o f   t h e   f u n c t i o n s  r, r', and  r/R2 i n   e a c h   s u b i n t e r v a l .   F o r  
example,   for a cone  only two geometry  cards are r e q u i r e d   i f  no p o i n t s   o f  
subd iv i s ion   a r e   necessa ry .  However, i n   o r d e r  t o  descr ibe   the   response  
func t ions  (and poss ib ly   i npu t   func t ions   o f   o the r   t ab l e s )   accu ra t e ly ,  many 
more than  two po in t s   a r e   r equ i r ed .   Th i s  i s  easily  accomplished  by  using 
an   appropr i a t e   en t ry  number for   the   second  card .  

Columns 3 and 5 of   the   geometry   cards   per ta in   to   boundary   condi t ions  
and are   d i scussed   under   tha t   heading .  

Wal l   p rope r t i e s :   Th i s   t ab l e  i s  composed of   separa te   subtab les ,   one  
f o r   e a c h   l a y e r .  Each  card  corresponds t o  one  value  of  s f o r  one l a y e r  and 
g ives   t he   va lue   o f  

(columns  13-24) mer id iona l   modu lus   o f   e l a s t i c i ty  

E2 (columns 25-36 c i r c u m f e r e n t i a l   m o d u l u s   o f   e l a s t i c i t y  

E12 (columns  37-48) shear  modulus 

V I  (columns  49-60) P o i s s o n ' s   c o n t r a c t i o n   r a t i o   w i t h  T1 a c t i n g  

h (columns  61-72) l a y e r  "thickness 
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In a d d i t i o n   t o   t h e   t a b l e  number 2 i n  column 1 f o r   t h e   v e r y   f i r s t   c a r d  
o f   t h e  w a l l  l a y e r   t a b l e s ,   t h e  first ca rd   o f   each   sub tab le   mus t   have   t he  
l a y e r  number i n  column 7. Wall l a y e r s  are numbered i n   t h e   d i r e c t i o n   o f  
i n c r e a s i n g  z s t a r t i n g   w i t h   u n i t y   f o r   t h e   l a y e r  a t  t h e   s h e l l   i n n e r   s u r f a c e .  
It shou ld   be   no ted   t ha t   l aye r   number ing  i s  done l o c a l l y ,  s o  t h a t  a given 
con t inuous   phys i ca l   l aye r  may have a d i f f e r e n t   l a y e r  number a t  d i f f e r e n t  
l o c a t i o n s  on the   mer id i an .  However, s i n c e   t h e  number of   l ayezs   can   on ly  
change a t  a subinterval   boundary,   lqyer   numbering i s  unique i n  each 
sub   i n t e rva l .  

I n  the case of  l a y e r   s u b t a b l e s   o f   T a b l e  2 ,  a n d   a l s o   T a b l e s  3 - 5, i f  
f o r  two consecu t ive   ca rds   t he   en t ry  number inc reases   by  more t h a n   u n i t y ,  
d a t a   f o r   t h e   i n t e r v e n i n g   e n t r y  numbers are au tomat i ca l ly   gene ra t ed   by  
l i n e a r   i n t e r p o l a t i o n   w i t h   r e s p e c t   t o   t h e   s - v a l u e s   c o r r e s p o n d i n g   t o   t h e  
in t e rven ing   en t ry   numbers .   Fo r   t h i s   pu rpose ,  i t  is necessa ry   t ha t   Tab le  1, 
which   cnp ta ins   t he   s -va lues ,   be   i npu t   f i r - s t .  A s  with   Table  1, t h e   i n t e r p o l a -  
t i o n  may be  suppressed by r epea t ing   on   t he   s econd   ca rd   t he   t ab l e  number i n  
column 1 o r ,   i n   t h e  case o f   Tab le   2 ,   t he  wall  l a y e r  number i n  column 7. 
This  would  be  done,  for  example,  a t  t h e   f i r s t   e n t r y   o f   t h e   s e c o n d   p o r t i o n  
of a d i s j o i n t e d   l a y e r .   N o t e   t h a t   i n   c o n t r a s t   t o   T a b l e  1, d a t a   c a r d s   f o r  
Tables  2 - 5 c o r r e s p o n d i n g   t o   i n t e r i o r   p o i n t s   o f   s u b d i v i s i o n  may no t   be  
necessary.  

Foundation  moduli: I t  is assumed t h a t   a n   e l a s t i c   f o u n d a t i o n   p r o d u c e s  
force  components   per   uni t  area on t h e   s h e l l   i n  s ,  +, and z d i r e c t i o n s  which 
are p ropor t iona l   and   oppos i t e   t o   t he   l oca l   d i sp l acemen t  components i n  s ,  $, 
and z d i r e c t i o n s ,   r e s p e c t i v e l y .  The cons t an t s   o f   p ropor t iona l i t y   ( founda t ion  
modul i )   for  s , @, and z directions,   denoted  by  kl(co1umns  13-24) , k2(columns 
25-36),  and k3 (columns  37-48),   respectively,  are input   on   one   card   for   each  
va lue  of s .  The t a n g e n t i a l   f o r c e s   a s s o c i a t e d   w i t h   k l  and  k2 a l so   p roduce  
small s u r f a c e  moments by v i r t u e  of t he   a s sumpt ion   t ha t   t hey  act  a t  t h e  
s h e l l   i n n e r   s u r f a c e .  

S t r i n g e r   p r o p e r t i e s :   S t r i n g e r s  are t r e a t e d  by   c i r cumfe ren t i a l ly  
"smearing-out" t h e i r   s t i f f n e s s .   I n  s o  doing i t  i s  assumed t h a t  a t  each 
m e r i d i o n a l   s t a t i o n   t h e   s t r i n g e r s  are equa l ly   spaced   a round   t he   she l l  
c i rcumference .   For   th i s   approximat ion   to   be   accura te  i t  i s  necessary  
t o   h a v e   s e v e r a l  (more t h a n   2 )   s t r i n g e r s   f o r   e a c h   c i r c u m f e r e n t i a l  wave of 
the  response.   Since  the  harmonic  2nc  plays a r o l e   i n   t h e   s e c o n d - o r d e r  
pos tbuckl ing  s t a t e ,  the re   shou ld   be ,  a t  t h e  minimum, a number of  
s t r i n g e r s   e q u a l   t o  4 times the  harmonic of t he   buck l ing  mode be ing   s tud ied .  
Each c a r d   o f ' t h i s   t a b l e   c o n t a i n s   t h e   f o l l o w i n g   s t r i n g e r   s e c t i o n   p r o p e r t i e s  
a t  one  point  of t he   she l l   mer id ion :  

NEA (columns 25-36) t o t a l .   e x t e n s i o n a l   s t i f f n e s s   o f  a l l  s t r i n g e r s  

NE1 (columns 37-48) t o t a l  normal   bending   s t i f fness  of  a l l  s t r i n g e r s  
(I t a k e n   a b o u t   c i r c u m f e r e n t i a l   c e n t r o i d a l   a x i s )  
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NGJ (columns 49-60) t o t a l   t o r s i o n a l   s t i f f n e s s   o f  a l l  s t r i n g e r s  
- 
z (columns 61-72) n o r m a l   e c c e n t r i c i t y   o f   t h e   s t r i n g e r   c e n t r o i d  

measu red   f rom  the   she l l  inner s u r f a c e ,   p o s i t i v e  
i n  t h e   d i r e c t i o n   o f   t h e   p o s i t i v e   z - a x i s .  

P r e s s u r e   g r a d i e n t :   T h i s   t a b l e  i s  used  only in   connec t ion   w i th   l oad ing  
by a l ive normal   p ressure   f ie ld .   Each   card   cor responds   to   one   va lue  of s 
and   conta ins   the   va lues   o f  

ap/ax  (columns  13-24) p r e s s u r e   d e r i v a t i v e   i n   t h e  axial d i r e c t i o n  

ap/ay  (columns 25-36) p r e s s u r e   d e r i v a t i v e   i n   t h e   r a d i a l   d i r e c t i o n  

The p r e s s u r e   d i s t r i b u t i o n  p i s  c o n s i d e r e d   p o s i t i v e   i f   a c t i n g   i n   t h e  
p o s i t i v e   z - d i r e c t i o n .   N o t e   t h a t   t h e   a c t u a l   p r e s s u r e  i s  Ap. The p o s i t i v e  
x and y d i r e c t i o n s  are defined  on  page  47. 

Prebuckl ing   da ta .  - Immedia t e ly   fo l lowing   t he   i npu t   t ab l e s   t he re   shou ld  
b e  a c a r d   w i t h  a 9 punched i n  column 1, but   otherwise  blank.   This   "nine" 
ca rd   s epa ra t e s   t he   i npu t   t ab l e s   f rom  the   p rebuck l ing   da t a ,   wh ich   immedia t e ly  
fo l lows   the   "n ine"   card .  The p rebuck l ing   deck   cons i s t s   o f  a s t a n d a r d   p a r t ,  
which i s  a l w a y s   i n p u t   i f   c o l .   1 6   o f   t h e   c a s e   o p t i o n   c a r d   c o n t a i n s  a 1, and 
a n   o p t i o n a l   p a r t   i n p u t   o n l y   i f  column 76 o f   t h e  case op t ion   ca rd   con ta ins  a 1. 

Standard  prebuckl ing  deck:  The s tandard   p rebuckl ing   deck  i s  composed 
o f   t h r e e   b a s i c   p a r t s :   ( 1 )   n o n l i n e a r  state d a t a  a t  some l o a d   l e v e l  A 
( 2 )   l i n e a r   p e r t u r b a t i o n  s ta te  d a t a   a b o u t  A, and   (3 )   p re s su re   f i e ld   ca rds .  
The  number  and  format  of  these  cards  are  summarized  below. 

0' 

N o n l i n e a r   s t a t e :   T h i s  state c o n s i s t s  of t h e   f o l l o w i n g   c a r d s :  

(1) a s i n g l e   l o a d   c a r d   c o n t a i n i n g   t h e   l o a d  level A (columns  1-12) 
i n  F12.0  format,  and a l ive  l o a d   i n d i c a t o r   i n  golumn  14. If 
column 1 4  i s  blank  dead  loads are assumed, i f   i n  column 1 4  i s  a 
1, l i v e   p r e s s u r e   l o a d i n g  i s  assumed. 

(2) r i n g  stress r e s u l t a n t   c a r d s :  [no* Of rings] * cards   requi red .  
Each   card ,   except   poss ib ly   the   l as t   card ,   conta ins   s ix   p rebuckl ing  
hoop  forces  T4 f o r  s ix  consecu t ive   r i ngs   i n   t he   fo rma t  6(2X, E11.4). 
The r i n g s   a r e   o r d e r e d   i n   t h e   d i r e c t i o n   o f   i n c r e a s i n g  S. 

( 3 )   s h e l l  stress r e s u l t a n t   c a r d s :  [max* e n t r y  no. ] cards   requi red .  
Each  card,   except   possibly  the l as t  ca rd ,   con ta ins   t h ree  pairs 
( T l , T 2 )   o f   s t r e s s   r e s u l t a n t s  a t  t h r e e   c o n s e c u t i v e   e n t r y   p o i n t s  
i n   t h e   f o r m a t  3(2X, 2E11.4). 

*[x]  denotes  the.  smallest i n t e g e r  x 
"~ . . " ~~~ . "" "" Lz-" ~~ . -~ ". 
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(4) m e r i d i o n a l   r o t a t i o n   c a r d s :  
I max. e n t r y  

6 3 ca rds   r equ i r ed .  
Each ca rd ,   excep t   poss ib ly   t he  l a s t  c a r d ,   c o n t a i n s   s i x   v a l u e s   o f  
X a t  s ix  c o n s e c u t i v e   e n t r y   p o i n t s   i n   t h e   f o r m a t  6312.4. 

L i n e a r   p e r t u r b a t i o n   s t a t e :   T h i s   s t a t e  i s  represented   by   cards   o f   the  
types 2, 3, and 4 above i n   t h e  same o r d e r  and   fo rma t   bu t   w i th   t he   s t a t e  
v a r i a b l e s  a t  X, r e p l a c e d   b y   t h e i r   d e r i v a t i v e s   w i t h   r e s p e c t  by X a t  X,. 

P r e s s u r e   f i e l d   c a r d s :  This s e t   o f   c a r d s  i s  i n   t h e  same format as the  
cards   of   type 4 above   w i th   t he   mer id iona l   ro t a t ion  X rep laced  by the  normal 
p re s su re  p cor responding   to   the   va lues   used   to   de te rmine   the   p rebuckl ing  
s t a t e .   A l t h o u g h   t h e s e   c a r d s   a r e   o n l y   u s e d   f o r   l i v e   p r e s s u r e   l o a d i n g ,   t h e y  
must  be i n   t h e   p r e b u c k l i n g   s t a t e   d e c k   i n  a l l  cases .  

Optional   prebuckl ing  deck:  The op t iona l   p rebuck l ing   deck ,   i f   c a l l ed   fo r  
by a 1 i n  column 76 o f   t he   ca se   op t ion   ca rd ,   fo l lows   t he   s t anda rd   p rebuck l ing  
deck  and i s  needed f o r   t h r e e   p u r p o s e s :  

(1) t o  compute t h e  i n i t i a l   p o s t b u c k l i n g   s t i f f n e s s  K>k 

(2 )  t o  compute the  second  imperfect ion  parameter  B 

( 3 )  t o   c o r r e c t   t h e   l i n e a r   p e r t u r b a t i o n   s t a t e   a t  A 0  t o   t h e   b i f u r c a t i o n  
load X,, thereby  improving  the  value of t h e   f u n c t i o n a l  F(l)(ulyul) used i n  
t h e   e v a l u a t i o n  of b,  a, and B. 

This  deck i s  composed of f o u r   p a r t s ,   a l l  o f  whose v a r i a b l e s  are 
e v a l u a t e d   a t  X.: (1) nonlinear   and  per turbat ion  out-of-plane  r ing 
bending moments l,2y ( y ; .  (2)  n o n l i n e a r  and p e r t u r b a t i o n   s h e l l   b e n d i n g  
moments (141, a M  a , , aM / a x ) ,  ( 3 )  t he   s econd-o rde r   pe r tu rba t ion   s t a t e  
( a ~ T ~ / a X 2 , a 2 T , / a X 2 , a 2 T 2 / a X 2 , a 2 X / a X 2 ) ,  and ( 4 )  t h e   p r e b u c k l i n g   s t i f f n e s s  
and i ts  d e r i v a t i v e  ( ~ , a K o / a X ) .  The  number  and format   of   these  cards   are  
summarized  below. 

(1) Ring  bending moments: [ n o '  O f  4 cards   required.   Each  card,  
excep t   poss ib ly   t he  l a s t  c a r d ,   c o n t a i n s  4 pairs (%, MY/3O o f   r i n g  moments 
for   four   consecut ive   r ings   in   the   format   4 (2E10.0) .  

(2) She l l   bending  moments: [ max* entry no* 1 ca rds   r equ i r ed .  Each 
card ,   except   poss ib ly   the  l a s t  c a r d ,   c o n t a i n s  2 quadruples ( M l , a M l / a X , M 2 ,  
aM2/aX) of   she l l   bending  moments a t  two c o n s e c u t i v e   e n t r y   p o i n t s   i n   t h e  
format 2  (4E10 .O) . 

2 

( 3 )  Second-o rde r   pe r tu rba t ion   s t a t e :   Th i s   s e t   o f   ca rds  i s  comple te ly  
a n a l o g o u s   t o   t h e   l i n e a r   p e r t u r b a t i o n   s t a t e   d e c k   d i s c u s s e d  above with  second 
d e r i v a t i v e s   w i t h   r e s p e c t   t o  X r e p l a c i n g   t h e   c o r r e s p o n d i n g   f i r s t   d e r i v a t i v e s .  
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( 4 )   S t r u c t u r a l   s t i f f n e s s   c a r d :   T h i s  is a s i n g l e   c a r d   w i t h  KO and 
a%co/aA i n   t h e   f o r m a t  2312.4. 

Buckling mode da ta .  - This deck   fo l lows   immedia te ly   a f te r   the  
p r e b u c k l i n g   d a t a   d e c k .   T h e   f i r s t   c a r d   o f   t h i s   d e c k   g i v e s   t h e   f o l l o w i n g  
t h r e e   q u a n t i t i e s :  

(1)   the  harmonic number nc   o f   the   buckl ing  mode i n   t h e   f i r s t   s i x  
columns i n  the   fo rma t  F6.0. 

(2) An i n d i c a t o r ,   a p p l y i n g   o n l y   i n   t h e   ( u n u s u a l )  case n = 0,  i n  
column 1 2 ;   i f  1, i n d i c a t i n g  a bending   buckl ing  mode; i f  2 ,  i n i i c a t i n g  a 
t o r s i o n a l   b u c k l i n g  mode. T h i s   i n d i c a t o r   h a s  no e f f e c t   o n   t h e  program i f  nc#O. 

( 3 )   t h e   d i f f e r e n c e   b e t w e e n   t h e   b i f u r c a t i o n   l o a d   l e v e l   a n d   t h e  
non l inea r   p rebuck l ing  s t a t e  l o a d   l e v e l ,  Ac-Ao,  i n  columns  13-24 i n   t h e  
format  E12.0. 

The remaining  cards   of   this   deck  give  the  values   of   the   fundamental  
v a r i a b l e s  P ,  Q ,  S ,  MI, 5 ,  rl, v,  x ( for   s ign   convent ion ,   see  page &7) o f   t h e  
buckl ing  mode a t  each   en t ry   po in t .  The  number o f   t hese   ca rds   equa l s   t he  
maximum e n t r y  number,  and  each  card  gives a l l  e i g h t   v a l u e s   f o r   e a c h   p o i n t  
i n   t h e   f o r m a t  8E10.0. 

Boundary cond i t ions .  - The b o u n d a r i e s   o f   t h e   s h e l l  are def ined  as t h e  
two s h e l l   e d g e s   p l u s  a l l  i n t e r i o r   s u b d i v i s i o n   p o i n t s .  As d i scussed  
p r e v i o u s l y ,   t h e   i n t e r i o r   b o u n d a r i e s  are s p e c i f i e d   i n   t h e   g e o m e t r y   t a b l e  by 
r e p e a t i n g   t h e  same va lue   o f  s on two consecu t ive   ca rds .  A set  of  boundary 
cond i t ions  must be   de te rmined   for   each   boundary .   In   genera l ,   each  se t  of 
boundary  condi t ions i s  expres sed   by   fou r   equa t ions   r e l a t ing   fou r   bas i c  
f o r c e   v a r i a b l e s   t o   f o u r   c o r r e s p o n d i n g   d i s p l a c e m e n t   v a r i a b l e s .   I n   m a t r i x  
n o t a t i o n ,   t h e s e   f o u r   e q u a t i o n s  may b e   w r i t t e n  as [B]A{y}+[D]{z} = {L}, 
where  {y) is t h e  column f o r c e   v e c t o r  (P ,  Q ,  S ,  M1), and { z )  is t h e  column 
d isp lacement   vec tor  ( c ,  q ,  v ,  x). A t  an   i n t e r io r   boundary  s = si, 
A{y} r ep resen t s   t he   change   i n  {y) across   the   boundary ,*  i .e. ,  A{y} = 

{y)  I si+o-{Y) I si-o. A t  t h e   i n i t i a l   e d g e ,  A{y} denotes  simply  cy},  whereas a t  
the   t e rmina l   she l l   edge   Aiy)   denotes   -{y) .   Four   types   o f   boundar ies   a re  
t r ea t ed ,   and   fo r   t h ree   o f   t hese   ( fo rce - f r ee ,   r i ngs ,   and  dome c l o s u r e s ) ,   t h e  

*The cont inui ty   o f   the   d i sp lacement   vec tor  { z }  a t  an   i n t e r io r   boundary  
is  automatically  enforced  by  the  program. 
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4x4 matrices [B] and [Dl, and   t he   vec to r  {L) are automat ica l ly   genera ted   by  
t h e  program.  The  fourth  type  of  boundary i s  a. more genera l   type ,   for   which  
t h e  [B]  and [ D ]  matrices themselves may b e   i n p u t .   I n   t h i s  case, however, 
i t  is assumed t h a t  {L} i s  a n u l l   v e c t o r .  

For   the   purpose   o f   def in ing   the   s ign   convent ion   of   the   above   forces   and  
displacements ,  i t  i s  c o n v e n i e n t   t o   d e f i n e   p o s i t i v e   a x i a l   ( x )   a n d   r a d i a l  (y )  
d i r e c t i o n s  as fo l lows   ( see   d iagram) .  

REVOLUTION 

The p o s i t i v e   x - d i r e c t i o n  i s  a c u t e   t o   t h e   p o s i t i v e   ( n e g a t i v e )   s - d i r e c t i o n  
i f   t h e   p o s i t i v e   z - d i r e c t i o n   p o i n t s  away from  ( towards)   the  axis   of  
r evo lu t ion .  The p o s i t i v e   y - d i r e c t i o n   a l w a y s   p o i n t s   r a d i a l l y  away from 
the   ax i s   o f   r evo lu t ion .  Then, 5 ,  q ,  v are p o s i t i v e   i f   i n   t h e   p o s i t i v e  
x, y ,  cp d i rec t ions ;   and  x is  p o s i t i v e   i f  i t s  v e c t o r   p o i n t s   i n   t h e   p o s i t i v e  
+ d i r e c t i o n .  The same r u l e   a p p l i e s   t o   t h e   f o r c e s  P ,  Q ,  S and moment M1 
a c t i n g  on a n o r m a l   s e c t i o n   w i t h   o u t w a r d   n o r m a l   p o i n t i n g   i n   t h e   p o s i t i v e  
s - d i r e c t i o n .  The r e v e r s e  i s  t rue   €o r   fo rces   and  moment a c t i n g  on a normal 
s e c t i o n   w i t h   o u t w a r d   n o r m a l   p o i n t i n g   i n   t h e   n e g a t i v e   s - d i r e c t i o n .  

The boundary  type i s  s p e c i f i e d  by  an i n d i c a t o r   i n  column 5 of   the  
geometry  table   cards .   This   column  appl ies   only a t  t h e   i n i t i a l   e n t r y  of 
e a c h   s u b i n t e r v a l  and t h e   f i n a l   p o i n t   o f   t h e   s h e l l .  The  code  for  column 
5 i s  given  below. 

Column 5 Type of  boundary Inpu t   da t a   r equ i r ed  

b l ank   fo rce - f r ee   ( a ty l  = 0 )  none 

1 r i n g   r i n g   d a t a  

2 prescribed  [B]  and [Dl [BI,  [Dl 

3 boundary  data  taken  from  none 
previous  case 

4 dome c losure   none  
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A l t h o u g h   t h e   c o l m n  5 i n d i c a t o r  i s  inpu t   on   ca rds   o f   Tab le  1, it should  be 
though t   o f  as a separate t a b l e   w i t h i n   t h e   c o m p u t e r .   I n  a sequence  of  cases,  
i n  o r d e r  to  change the type   o f  a boundary, it is n e c e s s a r y   t o   r e - i n p u t   t h e  
complete   geometry  card  corresponding  to  that  boundary,   repeat ing a l l  t h e  
geomet r i ca l   da t a .  As an example, i f   t h r e e   c a s e s   o f   t h r e e   d i f f e r e n t   b u c k l i n g  
modes of the same r i n g - s t i f f e n e d   s t r u c t u r e  are to   be   run  i n  success ion ,  it 
would  be d e s i r a b l e   n o t   t o  have t o   r e - i n p u t   t h e   r i n g   d a t a   f o r   t h e   s e c o n d   a n d  
t h i r d  cases. This  can  be  accompiished  simply  by  leaving  column 20 o f   t h e  
case   op t ion   ca rd   b l ank .   Bu t   i f ,   i n s t ead ,   t he   p rope r t i e s   o f   one   r i ng   va r i e s  
f rom  case  to  case, a 1 would  be  required  in  column 20. The d a t a   f o r   t h e  
remaining  r ings  would s t i l l  no t   have   t o   be   r e - inpu t   i f   f o r   t he   s econd   ca se  
the   geomet ry   ca rds   co r re spond ing   t o   t hose   r i ng   boundar i e s  are re- input ,   each 
w i t h  a 3 i n  column 5.* Each   o f   t hese   ca rds   shou ld   a l so   have  a 1 i n  column 
1 t o   s u p p r e s s   i n t e r p o l a t i o n  a t  t h e   i n t e r v e n i n g   e n t r i e s  (which  woulfi cause 
e r r o n e o u s   g e o m e t r i c a l   d a t a   t o   b e   g e n e r a t e d ) .  ' A  3 i n  column 5 simply  changes 
t h e   s i g n   o f   c o r r e s p o n d i n g   v a l u e   i n   t h e   s t o r e d  column 5 t a b l e ,  and t h e  
so - fo rmed   nega t ive   va lues   cause   t he   boundary   da t a   t o   be   t aken   f rom  the  
prev ious  case. T h e r e f o r e ,   i n   t h e   t h i r d   c a s e   o f   t h e   s e q u e n c e ,  no geometry 
c a r d s   s h o u l d   b e   i n p u t ,   s i n c e   i n   t h i s  case a geometry  card  with a 3 i n  
column 5 would make the   s to red   va lue   pos i t i ve   aga in ,   and   t he   mach ine  would 
e x p e c t   t h e   r i n g   d a t a   t o   b e   i n p u t .  The code 3 i n  column 5 should  only 
b e   u s e d   i f   t h e   p r e v i o u s  case con ta ins  a 1 o r  2 i n  column 5 f o r   t h e   c o r -  
responding  boundary. 

I f   t h e   s h e l l   h a s  a dome c l o s u r e ,   t h e   g e o m e t r i c a l   d a t a  is  input   on ly  
up t o   a n   a r t i f i c i a l   e d g e  of small radius ,   which may b e   t h e   i n i t i a l  c)r 
t e rmina l   edge   o f   t he   mode l   she l l .  A 4 i s  t h e n   i n s e r t e d   i n  column 5 of 
t he   geomet ry   t ab l e   ca rd   co r re spond ing   t o   t h i s   boundary .   Th i s   causes  
boundary   cond i t ions   t o   be   gene ra t ed   wh ich   r ep resen t   t he   e f f ec t   o f   t he  
s m a l l   d e l e t e d  cap  (see  Appendix  A).   Since  these  boundary  condi t ions  are  
c o r r e c t   o n l y   t o   f i r s t - o r d e r   i n   t h e   r a d i u s   o f   t h e   a r t i f i c i a l   e d g e ,  i t  i s  
n e c e s s a r y   t h a t   t h i s   e d g e   b e   s u i t a b l y   s m a l l .  It i s  f o u n d   t h a t  good accuracy 
i s  o b t a i n e d   i f  a t  th i s   edge   r /R2~0 .05 .   Fo r  a p l a t e ,   t h i s   c o n d i t i o n  may 
be  replaced  by  r/r&O.05,  where ro is  t h e   o u t e r   r a d i u s   o f   t h e   p l a t e .  It 
should   be   no ted   tha t   the   edge   rad ius  r c a n n o t   b e   d e c r e a s e d   a r b i t r a r i l y  
s i n c e   e x e c u t i o n  time inc reases   w i thou t  bound as PO. 

Column 3 of   geomet ry   t ab l e   ca rds   app l i e s   on ly  a t  t h e   i n i t i a l   e n t r y   f o r  
t h e   f i r s t  and   second  subin terva ls .  It has   t he   fo l lowing  two func t ions :  

(1) A t  t h e   i n i t i a l   e n t r y   o f   t h e   f i r s t   o r   s e c o n d   s u b i n t e r v a l ,   t o  
s p e c i f y   a r t i f i c i a l   r i g i d  body c o n s t r a i n t   n e c e s s a r y   f o r   t h e   s o l u t i o n   o f   t h e  

*Since i n   t h i s  case the   geomet r i ca l   da t a  is not  being  changed, column 6 
o f   t h e   c a s e   o p t i o n   c a r d   s h o u l d   b e   l e f t   b l a n k .  
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axisymmetr ic   por t ion   o f   the   second-order   pos tbuckl ing  state. The use  
of  column 3 f o r   t h i s   p u r p o s e . d e p e n d s  on t h e   f o l l o w i n g  two cond i t ions :  

(A) The s h e l l   l o a d i n g   i n c l u d e s   l i v e   n o r m a l   p r e s s u r e   w i t h   r ' a p l a x  
n o t   i d e n t i c a l l y   z e r o  i n  t h e   f i r s t   s u b i n t e r v a l .  

(B) The q u a n t i t y  (r')2T!o)+T:0)-(r2/R 2 c  ) X  p 

is i d e n t i c a l l y   z e r o   i n  the f i r s t   s u b i n t e r v a l ,   w h e r e   t h e  l a s t  term of 
t h e  above  expression i s  omi t ted   for   dead   loading .  

Note t h a t   i n  most cases n e i t h e r   c o n d i t i o n  i s  s a t i s f i e d   [ c o n d i t i o n  ( B ) ,  
e.g. , is s a t i s f i e . d   f o r  a membrane prebuckl ing  s ta te  of a c y l i n d e r   w i t h  
l i ve  norma l   p re s su re   l oad ing] .  

The r u l e s   c o n c e r n i n g   t h i s   u s e   o f  column 3 are the   fo l lowing:  

( i )   I f   c o n d i t i o n  (A) is n o t   s a t i s f i e d ,   t h e n   a x i a l   r i g i d  body 
c o n s t r a i n t  is  r e q u i r e d  a t  t h e   f i r s t   o r   s e c o n d   b o u n d a r y .   T h i s  may a l r e a d y  
b e   s u p p l i e d  by t h e  real  c o n s t r a i n t  5 = 0 ,  i f  i t  e x i s t s  a t  t h e   f i r s t   o r  
second  boundary. However i f   no t "   ( e .g . ,  a t  t h e   f i r s t  boundary may b e  a 
r i n g  and  the  second may be  force-free)   then  one  of   these  boundaries   must  
be   f r ee   o f   ax i a l   fo rce   and   t he   geomet ry   ca rd  a t  t h a t  boundary  should  contain 
a 4 i n  column 3 .  Furthermore,  i t  i s  e s s e n t i a l   t h a t   a t   t h a t  boundary  the 
f i r s t  b o u n d a r y   c o n d i t i o n   ( c o r r e s p o n d i n g   t o   t h e   f i r s t  row of  [B]  and  [Dl) 
should   be  AP = 0 ,  as is  t h e  case fo r   an   i n t e rna l ly   gene ra t ed   fo rce - f r ee  
boundary.  Note t h a t  i t  i s  a lways   poss ib l e   t o  make the  second  boundary a 
force-free  boundary by i n s e r t i n g  i t  as a f i c t i t i o u s  boundary. 

( i i )   I f   c o n d i t i o n  (B) is s a t i s f i e d   i n   t h e   f i r s t   s u b i n t e r v a l ,   t h e n  
r o t a t i o n a l   r i g i d  body c o n s t r a i n t  i s  r e q u i r e d  a t  t h e   f i r s t   o r   s e c o n d   b o u n d a r y .  
Th i s  may a l r e a d y   b e   s u p p l i e d  by t h e  real  c o n s t r a i n t  v = 0 i f  i t  e x i s t s  
a t  t h e   f i r s t   o r   s e c o n d   b o u n d a r y .  However, i f   n o t ,   t h e n   o n e  of t h e s e  
boundar ies   mus t   be   f ree   o f   c i rcumferent ia l   force   and   the   geometry   card   a t  
tha t   boundary   should   conta in  a 5 i n  column 3 .  Furthermore,  i t  i s  e s s e n t i a l  
t h a t   a t   t h a t  boundary  the  third  boundary  condi t ion  (corresponding  to   the 
t h i r d  row of [ B ]  and  [Dl)   should  be AS = 0,  as i s  t h e   c a s e   f o r  an 
i n t e rna l ly   gene ra t ed   fo rce - f r ee   boundary .  

I f   b o t h   a r t i f i c i a l   t r a n s l a t i o n a l  and r o t a t i o n a l   c o n s t r a i n t  are 
r e q u i r e d   a t   t h e   f o r c e - f r e e   b o u n d a r y ,  column 5 of   the   geometry   card   for  
tha t   boundary   should   conta in  a 6. 

- _" " 
*None o f   t he   i n t e rna l ly   gene ra t ed   boundary   cond i t ions   supp ly   r i g id  

body c o n s t r a i n t .  
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(2)  A second  use of column 3, app ly ing   on ly  a t  t h e   i n i t i a l   e d g e  
o f   t h e   s h e l l ,   p e r t a i n s   t o   s h e l l s   w h i c h   h a v e  a plane  of  symmetry  about  which 
t h e   l o a d i n g  is a lso   symmetr ica l .  In  such  a case, the   p rebuck l ing   no rma l  
d e f l e c t i o n   f u n c t i o n  i s  an   even   func t ion   abou t   t he   p l ane   o f  symmetry, t h e  
buck l ing  mode n o r m a l   d e f l e c t i o n  may be  even  or   odd,   and  the  second-order  
pos tbuck l ing   no rma l   de f l ec t ion  i s  even.  Also,   the  computer time can   be  
reduced  (and  possibly more a c c u r a t e   r e s u l t s   o b t a i n e d )   b y ' m o d e l i n g  
only  one-half  of t h e   s h e l l .  To a v o i d   d i f f i c u l t i e s   w i t h   t h e   a x i s y m m e t r i c  
problem,  the  plane  of   symmetry  should  be.set  up as t h e   i n i t i a l   e d g e   o f   t h e  
m o d e l ,   s i n c e   t h e   r i g i d  body c o n s t r a i n t  5 = 0 i s  a symmetry c o n d i t i o n .   I f ,  
i n   a d d i t i o n ,  a r ing   (of   symmetr ica l   c ross -sec t ion)  is a t t a c h e d  a t  t h e  
plane  of   symmetry,   the   problem  can  be  run  s imply  by  input t ing  the real 
r i n g   p r o p e r t i e s   ( s e e   b e l o w )   a n d   i n s e r t i n g   e i t h e r   a n  8 o r  9 i n  column 3 
of   t he   f i r s t   c a rd   o f   t he   geomet ry   t ab l e .  It i s  i m p o r t a n t   t o   n o t e   t h a t   i n  
t h i s  case the   p rebuck l ing   and   buck l ing   r i ng  hoop f o r c e s   f o r   t h i s   r i n g  
t r a n s m i t t e d   t o   t h e   p r o g r a m   i n   t h e   p r e b u c k l i n g   a n d   b u c k l i n g   d a t a   d e c k s  
shou ld   be   on ly   one -ha l f   o f   t he i r   ac tua l   va lues .  

R i n g   d a t a :   R i n g   d a t a   f o r   r i n g   b o u n d a r i e s   s p e c i f i e d   b y  a 1 i n  column 5 
of   the  appropriate   boundary  cards   of   the   geometry  table  are input   immediately 
a f t e r   t h e   b u c k l i n g  mode da ta   deck .   The   r ing   reac t ions  are assumed t o  
e n t e r   t h e   s h e l l  a t  the   cor responding .   po in t   o f   subdiv is ion .   For   each   r ing ,  
t h e   r i n g   d a t a  is i n p u t  on two c a r d s   i n   t h e   f o r m a t  6E12.4 ( see   F igu re  4 ) .  
This   da t a   cons i s t s   o f   t he   fo l lowing   s ec t ion   p rope r t i e s :  

Card 1: EA (columns  1-12),  EIx(columns 1 3 - 2 4 ) ,  E 1  (columns 25-36) ,  
E 1  (columns 37-68) ,  G J ( C O ~ U ~ U I S  49-60) , z (columns 61-72) -Y 

Xy 

Card 2: s (columns 1-12) 
- 

Here E and G are   normal   and  shear   e las t ic   moduli  of  t h e   r i n g  (assumed 
homogeneous  and i s o t r o p i c ) ,  A is t h e   r i n g   c r o s s - s e c t i o n e d  area, 
and Ixy are t h e  moments and   product   o f   iner t ia   about   the   ax ia l -and   rad la l  
c e n t r o i d a l  axes (see  page 4 7 ) ,  J i s  t h e   t o r s i o n   c o n s t a n t ,  and s and 
are the   coord ina te s   o f   t he   r i ng   cen t ro id   w i th   r e spec t   t o   l oca l  s ,  z 
a x e s   w i t h   o r i g i n  a t  t h e   i n t e r s e c t i o n   o f  a normal  shell   element  through 
the   po in t   o f   subd iv i s ion  and the   she l l   i nne r   su r f ace   ( s ee   d i ag ram) .  

IX' I y  : 

POINT OF SUBDIVISION 
/- REFERENCE SURFACE 

INNER SURFACE 

z NEGATIVE AS SHOWN 
s POSITIVE AS SHOWN 
- 
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For   each   r i ng   t he  p a i r  of r i n g   c a r d s  i s  i n p u t   i n   t h e  same o r d e r  as t h e   r i n g s  
are encountered when t h e   s h e l l   m e r i d i a n  i s  t r a v e r s e d   s t a r t i n g  a t  t h e   i n i t i a l  
s h e l l  edge. 

P resc r ibed  [B] and [Dl matrices: I f  i t  is d e s i r e d   t o   i n p u t   t h e  
boundary  condi t ion [B]A{y)+[D]{z) = IO), corresponding   to  a 2 i n  column 5 
of   the   appropr ia te   geometry   card ,   th i s   can   be   accompl ished   by   input t ing   the  
[B]  and [ D l  matrices. For  example, a clamped s h e l l   e d g e   c o r r e s p o n d s   t o  
[B] = [O] and [ D l  = [ I ] .  Each set o f   t h i s   t ype   o f   boundary   cond i t ion  
c o n s i s t s   o f   e i g h t   c a r d s ,   e a c h   o f   t h e   f i r s t   f o u r   c a r d s   g i v i n g   t h e   e l e m e n t s  
of   the   cor responding  row of t h e  [ B ]  matrix and  each of t he   s econd   fou r  
ca rds   g iv ing   e l emen t s   o f   t he   co r re spond ing  row of  t h e  [Dl m a t r i x  (see 
F igure  5). Each of t h e s e   c a r d s   s h o u l d   b e   i n   t h e   f o r m a t  4E12.4. For  each 
such  boundary,   the  set  o f   e i g h t   c a r d s  i s  i n p u t   i n   t h e   o r d e r   o f   o c c u r r e n c e  
s t a r t i n g  a t  t h e   i n i t i a l   s h e l l   e d g e .   T h e s e   c a r d s   f o l l o w   i m m e d i a t e l y   a f t e r  
t he   r i ng   da t a   ca rds   and   comple t e   t he   i npu t  da ta  deck. 

Input  Deck  Set-Up 

As a convenience   to   the   user ,   seven   types  of  i n p u t   s h e e t s   a r e   s u p p l i e d  
(Figures 2 t o  8),  which may be  used as a n   a i d   i n   s e t t i n g  up the   input   deck .  
T h e s e   s h e e t s   a r e   e s s e n t i a l l y   s e l f - e x p l a n a t o r y  and r e p r e s e n t  a condensa t ion  
of   the   p receding   d i scuss ion .  

A s  mentioned  previously,  i t  i s  common t o  examine  the  imperfect ion 
s e n s i t i v i t y   o f   s e v e r a l   b u c k l i n g  modes i n  one pass  through  the  computer.  
This  i s  accomplished by s t a c k i n g   s e v e r a l   c a s e s   i n   s e q u e n c e .   F o r   e a c h  
case   o f  a s t a c k ,  a minimum o f   t h r e e   c a r d s   i n   a d d i t i o n   t o   t h e   b u c k l i n g  mode 
data   deck i s  always  required.   These are t h e  t i t l e  c a r d ,   t h e   c a s e   o p t i o n  
c a r d ,   a n d   t h e   " n i n e "   c a r d   s i g n i f y i n g   t h a t  no more i n p u t   t a b l e s  are t o  
be   r ead .  

In o r d e r   t o   i l l u s t r a t e   t h e   d e c k   s e t - u p ,  l e t  u s  assume t h a t   t h r e e  
buckl ing  modes have   been   ob ta ined   us ing   the  same p r e b u c k l i n g   d a t a , \   a n d   t h a t  
w e  w i s h   t o   e v a l u a t e  them i n  one  computer  run.  Figure 9 shows the  deck 
se t -up   for   th i s   type   o f   p roblem.  The c a s e   o p t i o n   c a r d   o f   t h e   f i r s t   c a s e  
should  have a 1 i n  each of  columns 6 ,  8 ,  10,  1 2 ,  14 ,  16 ,  20.  I f  
Tables  3 ,  4 ,  o r  5 are mis s ing   f rom  the   fo l lowing   t ab le   da t a   deck ,   t hey  
w i l l  a u t o m a t i c a l l y   b e   i n t e r p r e t e d  as n o t   a p p l y i n g   ( i . e . ,  se t  t o   z e r o ) .  
The set-up shown assumes  that  column 76 o f   t h e  case o p t i o n   c a r d   c o n t a i n s  

*Since   the   p rebuckl ing   da ta   cons is t s   o f  a n o n l i n e a r  s t a t e  and a 
l i n e a r   p e r t u r b a t i o n   a b o u t  i t ,  i t  is n o t   n e c e s s a r y   t h a t  a buck l ing   l oad  
c o i n c i d e   w i t h   l o a d   l e v e l  of t h e   n o n l i n e a r  s ta te .  
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a 1, since t h e   o p t i o n a l   p r e b u c k l i n g   d a t a   d e c k  i s  present .   Corresponding 
t o   e a c h  1 i n  column 5 of   Table  1 the re   shou ld   ' be  a p a i r   o f   r i n k   d a t a  
ca rds ,   and   co r re spond ing   t o   each  2 i n  column 5 of Table  1 the re   shou ld  
b e  a set of e igh t   boundary   da t a   ca rds .  The case o p t i o n   c a r d   f o r   t h e  
secok7d and t h i r d  cases s h o u l d   b e   l e f t   b l a n k  i n  columns  6, 8, 10,  12,  14,  
16  and 20, as t h e   c o r r e s p o n d i n g   d a t a  w i l l  au tomat ica l ly   be   t aken   f rom  the  
p rev ious  case. However, i n   o r d e r   t h a t  K* and f3 be  computed,  coldmn 76 of 
each   of   these   cards   should   conta in  a 1. 

I f ,  on t h e   o t h e r   h a n d ,   t h e   b u c k l i n g  modes are b a s e d   o n   d i f f e r e n t  
p rebuck l ing   decks ,   t he  case o p t i o n   c a r d   s h o u l d   c o n t a i n  a 1 i n  column  16 
and   the   cor responding   prebuckl ing   decks   should   be   input   immedia te ly  
a f t e r   t h e   " n i n e "   c a r d   f o r   e a c h  case. 

Output Data 

The ou tpu t   da t a   o f   t he   p rog ram  cons i s t s   o f  a p r i n t - o u t  of t h e   i n p u t  
data  and  computed  results.  . Since   t he   p r in t -ou t   o f   t he   i npu t   da t a  is 
se l f - exp lana to ry ,  a d i s c u s s i o n  of i t  h e r e  is unnecessary.  

The f i r s t  computed r e s u l t ,   p r i n t e d   i m m e d i a t e l y   a f t e r   t h e   i n p u t  
bounl a r y   d a t a ,  i s  the   va lue   o f   the   buckl ing  mode inner   p roduct .  If 
t h e   o p t i o n a l   p r e b u c k l i n g   d a t a  i s  i n p u t ,   t h i s   v a l u e  i s  co r rec t ed   €o r  
t h e   d i f f e r e n c e  hc-Xo, and t h e   c o r r e c t e d   v a l u e  'is p r i n t e d   n e x t  
(see  page 32) .  

The n e x t   d a t a   p r i n t e d  are t h e  computed v a l u e s   o f   t h e   f i r s t  and  second 
imper fec t ion   pa rame te r s  a and 'f3 f o r   b o t h   t h e   w o r s t   i m p e r f e c t i o n   s h a p e  and 
a buck l ing  mode imperfection  shape.*  These are used ,   a long   wi th   the   va lue  
o f   t h e   p o s t b u c k l i n g   c o e f f i c i e n t  b ( i f   n e g a t i v e ) ,   t o  compute the   snapping  
l o a d   ( s e e   F i g u r e   1 ) .   I n   o r d e r   t o  show t h e   e f f e c t   o f   t h e  terms i n   t h e  
8-formula  which  depend  quadratically on p r e b u c k l i n g   r o t a t i o n s  [i.e., t h e  
terms in   Equa t ions  (B-20) and (B-21) i nvo lv ing   t he  e las t ic  o p e r a t o r  H I ,  
f o r   e a c h   i m p e r f e c t i o n   s h a p e   t h e   v a l u e - o f .  8 n e g l e c t i n g   t h e s e  terms i s  a l s o  
given.  These  values are p r i n t e d  on t h e  same l i n e  a n d   t o   t h e   r i g h t   o f   t h e  
co r rec t   6 -va lues .   In   t he  case o f   t he   buck l ing  mode imper fec t ion ,   t he  
f ac to r   r e l a t ing   t he   roo t -mean- squa re   angu la r   ampl i tude   t o   t he   no rma l  
displacement  amplitude is a l s o   p r i n t e d .  

T h i s   d a t a  i s  followed by t ab l e s   o f   t he   ax i symmet r i c  and  unsymmetric 
components of the  second-order   postbuckl ing  s ta te .   These  components   are  
presented  in   terms  of   the  harmonic  ampli tudes  of   the   basic   force and 

*As no ted   p rev ious ly ,   t he   computa t ion   and   p r in t ing   o f  8 is  o p t i o n a l  
depending  on  column 76 of   the  case opt ion   card .  
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d i sp lacemen t   va r i ab le s   o f   t he   [y ]  and [ 23 v e c t o r s  as func t ions   o f   mer id iona l  
d i s t a n c e .  For the   user ' s   convenience ,   immedia te ly   fo l lowing   these   t ab les  
the   d i sp lacement   components   re fe r red   to   mer id iona l ,   c i rcumferent ia l ,   and  
no rma l   d i r ec t ions   a r e   t abu la t ed  as a f u n c t i o n   o f   m e r i d i o n a l   d i s t a n c e .  

Af t e r   t he   da t a   fo r   t he   unsymmet r i c  component  of the  second-order  
pos tbuck l ing  state,  the   a s soc ia t ed   va lue   o f   t he   s econd   pos tbuck l ing  
c o e f f i c i e n t  b i s  p r i n t e d .   F i n a l l y ,   i f  column 76 o f   t he  case o p t i o n   c a r d  
con ta ins  a 1, t h e   v a l u e s   o f   t h e   p r e b u c k l i n g   a n d   p o s t b u c k l i n g   s t i f f n e s s  
a t  t h e   b i f u r c a t i o n   l o a d  are p r i n t e d .  

Sample  Problem 

I n   o r d e r   t o   i l l u s t r a z e   t h e   a p p l i c a t i o n  of the   p rog ram  to  a p r a c t i c a l  
problem, a l i s t i n g   o f   t h e   i n p u t   d e c k   a n d   t h e   o u t p u t   d a t a  are p resen ted  
be low  for   the  N = 6 buck l ing  mode o f   t h e  60' sandwich   spher ica l   d i sh   o f  
Reference 19. Each row o f   t h e   i n p u t   d e c k   l i s t i n g  i s  t h e  image o f  a punched 
c a r d ,   t e n  columns  of  which  correspond t o  one  inch on t h e   l i s t i n g . *  Note 
t h e  4 i n  column 3 a t  the   s econd   boundary   ( i . e . ,   t he   f i r s t   c a rd   o f   t he  
second  subin terva l ) ,   which  i s  r e q u i r e d   s i n c e  no r e a l   r i g i d  body c o n s t r a i n t  
e x i s t s   ( c f .  page 4 9 ) .  Inpu t   geomet r i ca l   da t a  i s  s p e c i f i e d  a t  i n t e r v a l s  
o f  one  degree  of   meridional  arc,  w i t h   b o u n d a r i e s   a t  two d e g r e e   i n t e r v a l s .  
The spac ing   be tween   t he   f i r c t   and   s econd   da t a   po in t s  i s  s l i g h t l y  less 
than   one   deg ree   s ince   t he   she l l  s tarts a t  a l a t i t u d e   a n g l e   o f  10.083"; a l l  
o t h e r   d a t a   p o i n t s   c o r r e s p o n d   t o   i n t e g r a l   v a l u e s   o f   t h e   l a t i t u d e   i n   d e g r e e s  
up t o  a maximum of 30". Because   the   en t ry  number  jumps  by four  between 
s u c c e s s i v e   e n t r i e s ,   o u t p u t   p o i n t s  w i l l  be   spaced a t  i n t e r v a l s   o f  0.25". 
Note a l s o   t h a t   t h e   o r d e r   o f   t h e  w a l l  p r o p e r t i e s   s u b t a b l e s   f o r   e a c h   l a y e r  
is i m m a t e r i a l ;   i n   t h i s   c a s e   l a y e r  3 p r o p e r t i e s  were i n p u t   b e f o r e   l a y e r  2 
p r o p e r t i e s .  Only the   ca rds   p reced ing   t he   s t anda rd   p rebuck l ing   da t a ,  and 
the   r i ng   da t a   ca rds   fo l lowing   t he   buck l ing  mode d a t a  were punched  manually. 
S i n c e   t h e   o p t i o n a l   p r e b u c k l i n g   d a t a ' d e c k  i s  inc luded ,  column 76 of   the 
case   op t ion   ca rd   ( t he   s econd   ca rd   i n   t he   deck )   con ta ins  a 1. 

- ~~ 
"~ " - "" - 

*In   o rde r   t o   c l a r i fy   t he   i npu t   . da t a   deck ,   exp lana to ry  comment c a r d s ,  
. " - 

each   separa ted   f rom  the   ac tua l   da ta  by a b lank   card   on   each   s ide   o f  it, 
h a v e   b e e n   i n s e r t e d   i n   t h e   l i s t i n g  a t  the  beginning  of   each  group  of   cards .  
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I n   t h e   o u t p u t   d a t a   l i s t i n g s ,  a l l  d a t a   p r e c e d i n g   t h e   i n n e r   p r o d u c t  
va lue   r ep resen t s   t he   i npu t   da t a .*  The r ema in i r ig   da t a   r ep resen t s  
c a l c u l a t e d   r e s u l t s .   N o t e   t h a t   f o r   e a c h   i m p e r f e c t i o n   s h a p e   c o n s i d e r e d ,  
two v a l u e s  of B are p r i n t e d .  The f irst  v a l u e   ( r e a d i n g   f r o m   t h e   l e f t )  
i s  the   co r rec t   one ,   t he   s econd   va lue   be ing   ob ta ined   neg lec t ing  terms which 
d e p r n d   q u a d r a t i c a l l y   o n   p r e b u c k l i n g   r o t a t i o n s .   T y p i c a l l y ,   t h e   e f f e c t   o f  
t h e r e  terms is g r e a t e r   f o r   t h e  m a x i m u m  CY i m p e r f e c t i o n   t h a n   f o r   t h e  
buckl ing  mode imperfec t ion .  

" -~~ -~ 

Whe N = 6 c r i t i c a l   l o a d   o f  2.091 shown i n   t h e   o u t p u t   d a t a  i s  s l i g h t l y  
below t h e   r e p o r t e d  minimum value   o f  2.10 f o r  N = 7 g iven   in   Reference   19  
b e c a u s e   i n   t h e   s t r u c t u r a l   c a l c u l a t i o n s   o f   R e f e r e n c e   1 9 ,  a c rude ly   e s t ima ted  
hea t sh ie ld   we igh t  was inc luded ,   whereas   i n   t he   p re sen t   ca l cu la t ion   t he  
hea t sh ie ld   we igh t   r epor t ed   i n   Re fe rence   19  was used. 
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. .  ... -.. . . -......OUTPUT DATA.LISTING 
60  DECREE SPHERICAL DISH 

SURfACE  LOADINQv I F  ANY* IS APPLIED A T  SYELL  REFERENCE  SURF4CE 
AND* DURING  BUCKLINO*  REMAINS F I X E D  I N  MAGNITYDE AN0 DIRECTION 



TABLE 1 ISURFACE GEOMETRY) 

R 

I 





E l  

9.3500E*06 

9,3SOOt*Ob 
9.3500E*Ob 
0.  
9.3500E*Ob 
9.3500E.Ob 
0. 
9.3500E*Ob 
9.3500E*06 

-0. 

E2 

9*3500E*06 
.O. 
9.3500E*06 
9.3500E*06 
0. 
9.3500E*06 
L).3500t*06 

9.3500k.06 
0. 

9.3500E*O6 
0.  0. 
9.3500k*06 
9.3500E*Ob 

9.3500E*06 
9*3SOOE*06 

0. 
9.3500E*06 
9.3500E*06 

9.3500E*O6 
0.  

9.3500t*Ob 
0 .  
9.3500€*06 
9.3500E*06 
0.  
9!3500E*06 
9.3500E*06 
0.  
9.3500E*Ob 
9#3500E*Ob 

9.3500E*Ob 
0. 

9.3500E*06 

9.3500E*O6 
0. 

9.3500E*06 
0. 
9.3SOOE*OO 
9.3500E*O6 

913500E*Ob 
0.  

9.3500E'Ob 

9.3500E*Ob 
0 1  

913500E*Ob 

9.3500E*06 
0. 

9.3500E.Ob 

9.3500E*Ob 
0.  

9.3500E*Ob 
0. 
9.3500E.Ob 

0. 

9.3500E*06 
913500E*06 

9.3500E*O6 
0.  

9.3500E*06 
0. 
9*3500E*06 
9.3500€*06 
0 .  
9.3500€*06 
9,3500E.06 

9.3500E*06 
0. 

9*3500E*06 
0 .  
9.3500E*06 
9.3500E*06 
0. 
9.3500E106 
9.3500€*06 

9.3500€*06 
0. 

9.3500E106 
0. 
Y.3500E*06 
9*3500E*06 

9.3500€*06 
0. 

9*3500E*06 
0. 
9.3500E*06 
9.3500€*06 

Ye3500E*06 
0. 

9.3500E*06 
0. 
9*3500E*O6 

E12 NU1 

3.2000E-01 
-0 .  
3.2000E-01 
3.2000E-01 
0.  
3e2000E-01 
3.2000E-01 
O m  
3e2000t -01  
3.2000E-01 
n.  
3.2OOOE-01 
3.2000E-01 
0. 
3.2OOOE-01 
3.2000E-01 
0. 
3.2000E-01 
3.2000t-01 

3.2000E-01 
0.  

3.2000E-01 
0. 
3.2000E-01 
3.2000E-01 
0. 
3.2000E-01 
3.2000E-01 

3.EOOOE-01 
0.  

3.2OOOE-01 
0. 
3.2000E-01 
3.2OOOE-01 

3.2OOOE-01 
0. 

3.2000E-01 
0. 
3.2000E-01 
3.2000E'Ol 
0. 
3.2000t-01 
3.2000E-01 
0. 
3.2000E-01 
3.2OOOE-01 

3.2000k-01 
0.  

0 .  
3.2000t-01 

7 . 2 0 0 0 ~ - 0 1  

n 

8.0000E-03 
4.3000E-01 
8.0000E-03 

4.3OOOE-01 
8eOOOOE-03 

He0000E-03 
8.0000E-03 
403000E-01 
8.0000E-03 
8.0000E-03 
4.3000E-01 
8.OOOOE-03 
8m0000E-03 
403000E-01 
8.OOOOE-03 
8.0000E-03 
4.3OOOE-01 
8.00OOE-03 
8.0000E-03 
4.3000E-01 
8.OOOOE*03 
8.0000E-03 
4.3000E-01 
t1.0000E-03 
0.0000E-03 

L ~ . ~ O O O E - O ~  
4.30OOE-01 

8eOOOOE-03 
4.3000E-01 
8e000OE-03 
8m000OE-03 
4m300OE-01 
8.0000E"33 
800000E-03 
4.300OE-01 
8.000OE-03 
8.0000E-03 
4a30OOE-01 
8a000OE-03 
8m0000E-03 
4a3000E-01 
8.0000E-03 
Ee000OE-03  
4.3000E-01 
8.0000E-03 
8.0000E-03 
4.3000E-01 
8mOOOOE-03 
dm0000E-03 
**3000E-01 
8eOOOOE-03 



9.3500L*06 
0. 

9.3500E'Ob 

9.3500€*06 
0. 

9.3500E*Ob 

9*3500E*Ob 
01 

9*3500E*Ob 

9.3500E*Ob 
O m  

9.3500E*06 

9~3500E*06 
0. 

9.3500€*06 
01 
9.3500€*06 
9.3500€*06 

9.3500€*06 
01 

9.3500E*Ob 
0. 
9.3500E*Ob 
9.3500€*06 

9.3500E*Ob 
0 1  

9.3500€*06 
O *  
9.3500€*0b 
9.3500€*0b 

9.3500€*06 
0. 

9.3500E*06 
0. 
9.3500€*06 
9.3500€*06 
0. 
9.3500€*06 
9.3500E*06 

9.3500€*06 
0. 

9~3500€*06 
0. 
9.3500€*06 
9.3500E.Ob 

9D3500E*Oo 

0. 
913500E*06 
9.3500€*06 

9*3500€*0b 
om 

9.3500E*06 

9.3500€*06 
0. 

9.3500E*Ob 
0. 
9.3500€*0b 

9*3500€*06 
0. 
9.3500€*06 
9.3500E*Ob 

9*)500E*06 
0. 

9.3500€*06 

9~3500€*06 
0. 

9.3500€*06 
0. 

9!3500€*06 
9.3500€*06 

9.3500€*06 
0. 

9.3500€*06 
0. 
9!3500€*06 
9!3500€*06 

9.3500€*06 
0. 

9.3500E*06 
0. 
9.3500€*06 
9?3500€*06 

9.3500E*Ob 
9!3500€*06 

9.3500€+06 
0. . 

9.3500€*06 
0. 
9;3500€*06 
9?3500E*O6 
0. 
9?3500€*06 
9.3500€*06 
0. 
913500E*06 
9?3500€*06 

9.3500€*06 
0. 

9!35OOE*Ob 
0. 
9.3500€*06 
9.3500€*06 
0. 
9.3500€*06 
9.3500€*06 
0. 
9*3500E*06 
9.3500E106 

0;3500€*06 
0 .  

9.3500E106 

9*3500k*06 
0. 

O! 

0. 
3.5400€*06 
3.5400€*06 

3.2nOoE-01 
n. 

3.2nonE-01 

3.20011~-01 

3.2000k-01 

0. 

3.2OOOE-01 
0. 
3.2000E-01 
3.2000E-01 
0. 
3.2OOOE-01 
3.2OOOE-01 
n. 
3.2000€-01 
3.2000E-01 
0. 
3.2000E-01 
3.2000E-01 
0. 
3.2000E-01 
3.2OOOE-01 
0. 
3.2000E-01 
3.2000E-01 
0. 
3 . 7 0 0 0 E - 0 ;  
3.2000k-01 
0. 
3.2000E-01 
3 .2000E-01  

3.2000E-01 
0 .  

3.2000k-01 
0. 
3.ZOOOE-01 
3.200OE-01 
0. 

3.2OOOE-01 
0. 
3.2000E-01 
3.2001)E-01 

3eZOOOE-01 
0. 

3.2OOOE-01 
0. 
3,2000E-01 
.3.2OOOE-01 

3.2000E-01 
0. 

3.2000E-01 

3.2oan~-ol 

0. 
3.2000E-01 
3.200nE-01 

8.000OE-03 
4.3OOOE-01 
8.0000E-03 
8.0000E-03 
4.300OE-01 
~ I O O O O E - 0 3  
8.oanne-03 
4.3000E-01 
8.0000E-03 
8.0000E-03 
4.3000E-01 
8.0000E-03 
800000E-03 
4.300OE-01 
8 0 0 0 0 0 E - 0 3  
8.000OE-03 
1 .3000E-01 
8.0000~-03 
8s000OE-03 
403000E-01 
8.000OE-03 
8.000OE-03 
403000E-01 

8.000OE-03 
8.0000E-0.3 

4.3000E-01 
8.000OE-03 

h.3000E-01 
8.0000E-03 

8a0000€.-03 
8.0001lE-03 
4o3OOOE-01 
~?.000oE-P:  
8 0 0 0 0 0 E - 0 3  
903000E-01 
8.000OE-03 
8.ooonE-03 
4.3000€-~1 
Y.OOOOE.C3 
9.0000E-@3 
4.3000E-01 
8eOOOOE-03 
8.OOOOE-03 
4.300OE-01 
8.0000E-03 
8 .0000E-03 
4.3OOOE-OL 
t1e000OE-03 
8.OOOOE-03 
4.3000E-01 
8.000OE-03 
8.000OE-03 
4.300OE-01 
AoG000E-03 
8r0000E-03 
**3000E-01 
r ) . 0 0 0 0 € - 0 3  



9.3500E*Ob 
0.  

9.3500E*06 

9.3500E*06 
0. 

9.3500€*06 
0. 
9.3500E*Ob 
913500E*06 

9.3500E*06 
0. 

Ya35OOE*06 
0. 

9.3500E*06 
9.3500E*Ob 

9.3500E*06 
0. 

9.3500E*06 
0. 
9.3500€*06 
9*3500E*Ob 
0. 
9.3500€*06 
9.3500E'Ob 
0. 
9.3500E'OO 
9.3500E*O6 

9.3500E*Ob 
0. 

9.3500E*Ob 
0. 
913500E*Ob 
9.3500E*O6 

9.3500€*06 
0. 

9.3500E*06 
0. 
9.3500E*Ob 
9.3500E*06 
0.  
9.3500E*06 
9.3500E*Ob 

903500E*Ob 
0 1  

9.3500E*Ob 

9.3500E*Ob 
0. 

9eJ500E*00 

9.350OE*06 
O e  

9.3500E*Ob 
0.  
9.3500€*06 
913500E*06 
U. 
9e3500E*06 

0.  
9 * 3 5 0 0 t * 0 6  

3.2000E-01 

3.2000E-01 
0.  

0. 
3.200OE-01 
3.2000E-01 

3 . 2 o o n ~ - o 1  

n.  
3.2000E-01 
3.2000k-01 
0.  
3.2000E-01 
3.2000E-01 
n. 
3.2000E-01 
3.2000E-01 
0. 
3.2000E-01 
3.20(10L-01 
0.  
3.2OOOE-01 

0.  

3.2000E-01 
3.2OOOE-01 

0. 
3.2000E'Ol 
3.2000E-01 

~ . ~ O O O E - O ~  

0. 
3.2OOOE-01 
3.2000E-01 
0. 
3.2OOOE-01 
3.2000E-01 
0. 

3.2000E-01 
0. 
3.2000E-01 
3.2000E-01 
0 .  
3.2000E-01 
3.2000E-01 
0. 
3.2000E-01 
3r2000E-01 
0. 
3.20OOE-01 
3.2000E-01 
0. 
3.2OOOE-01 
3.2000E-01 

3.200OE-01 
0.  

3.2000E-01 
0. 
3.20OOk-01 

~ . E O O O . E - O ~  

8.0000E-03 
4.30OOE-01 
8 0 0 0 0 0 E - 0 3  
8.0001)€-03 
4e3000E-01 
BmOOOOE-03 
8.0000E-03 
4m3000E-01 
BoOOOOE-03 
8a0000E-03 
4.300OE-01 
8.000OE-03 
8.0000E-03 
4.3000E-01 
8.0000E-03 

4.3000E-01 
8.0000E-03 

8.0000E-03 
8.0000E-03 
4.3000E-01 
Um0000E-03 
8.0000E-03 
4.3000E-01 
BmOOOOE-03 
(1*0000E-03 
4.30OOE-01 

4.300OE-01 
BeOOOOE-03 

8.00OOE-03 
de000OE-03 
403000E-01 
U.OOOOE-03 
8*0000E-03 

8.0000E-03 
8.OOOOE-03 
403000E-01 
8.OOOOE-03 
8e0000E-03 
4.300OE-01 
8e0000E-03 
8.000OE-03 

8e0000E-03 
4 . 3 o o n ~ - o l  

8.000OE-03 
4.3000E-01 
8.00OOE-03 
8 0 0 0 0 0 E - 0 3  
4*3OOOE-Ol 
8.0000E-03 
8oOOOOC-03 
b.3000E-01 
8-OOOOE-03 
8 .0000E-03  

8.000OE-03 
4e3000E-01 

~ . O O O O E - O ~  

~ . ~ O O O E - O ~  



9.3500€*06 
0. 
9.3500E*06 
9.3500E*O6 
0. 

9.3500k*06 
9.3500E*Oo 

9*3500E*Ob 
0. 

9.3500E*06 
0. 
9*3500E*Ob 
9.3500€*06 

9*3500E*06 
O e  

9.3500E+Ob 

9.3500€*06 
0. 

9.3500E*06 
O *  

9.3500€*06 
9 ~ 3 5 0 0 E * 0 6  

0 .  
9.J500€*06 
9.3500€*06 
01 

9.3500E*06 
9.3500E.Ob 
0. 
913500€*06 
9.3500€*06 
0 .  
9.J500E*Ob 
9.3500E*06 

Y.3500E.00 
0 .  

9.3500E*06 
0. 
9.3500E*Ob 
9.3500E*06 

0 0  

9.3500€*06 

3*2000E-01 
0. 
3.2OOOE'Ol 
3.2OOOE-01 
0. 

3.2OOOE-01 
3mPOOOE'Ol 

3.200OE-01 
0. 

3.2000E-01 
0. 
3.2OOOk-01 
3.2000E-01 
0. 

3.200UE-01 
0. 

3.200r)E-01 
.1.2000E-01 

0. 
3.2000E-01 
3.2000E-01 
0. 
3.2OOOE-01 
3 e 2 0 0 0 E - 0 1  

3.2000E-01 
0. 

3.2000E-01 
0. 
3.2000E-01 
3.2000E-01 

3.2000E-01 
0. 

3.200OE-01 
0. 
3.2000E-Dl 
3.2OOOE-01 

3 . 2 0 0 0 ~ - 0 1  
0. 

3.2OQOE-01 
0. 

3.2000E-01 
3mPOOOE-01 

3.200OE-01 

0. 
3.2000E-0 
3.2000L-0  
0. 
3.2DOOE-0 

0 0  

3.2OOOE-0 

3.2OOOE-0 
0. 

3.2000E-0 

' 1  
1 

1 
1 

1 
1 

3.2000E-01 
3.2000E-01 
0. 
3.2000E-01 

UIOOOOE-03 
403000E-01 
8*000nE-03  
~ ) . O O D O E - O ~  

a.0000E-03 
-000E-01 

e . o n o n ~ - 0 3  
4 . ) o n o ~ - o l  
8.OOOOE-03 
8.0000E-03 
4 .30OOE-01  
8*0000E-OJ 

4.3000E-01 
8.0000E-03 
8.OOOOE-03 
6r3OOOE-01 
8.0000E-03 
~ . O O O O E - O ~  
403000E-01 
M.0000E-03 
8.0000E-03 
4.3Or)OE-01 
8.OOOOE-03 
B.bOOOE-03 
4m300OE-01 
8.0000E-03 
8.0000E-03 
4.3OOOE-01 
8.0000E-03 

4.300OE-01 
8.000OE-03 

B ~ O O O O E - O ~  

~ . O O O O E - O ~  

~ . ~ O O O E - O J  
4.3000E-01 
8.0000E-03 
8.OOOOE-03 
4.3000E-01 
8.0000E-03 
8.0000E-03 
4.300OE-01 
8.0000E-0.i 
8m000OE-03 
4.3OOOE-01 
U.0000E-03  

4.3000E-01 
Um0000E-03 

8.ooonE-03 
8.0000E-Oj 
4.3000E-01 
8.0000E-03 
8.OoOnE-03 
4.3000E-01 

8.0000E-03 
L(.OOOOE-03 

8.0000E-03 
4.3000E-01 



9.3500E*06 
0.  

1.0645E*02  9.3500E*Ob 

9.3500E*Ob 
0 0  

9.3500E+Ob 
0.  
9.3500E*Ob 
9.3500E+Ob 

9*3500E*Ob 
O *  

9.350OE*Ob 

Y a 3 5 0 0 E * 0 6  
0. 

9.3500E+Ob 

9.3500E*06 
0.  

913500E*Oh 
0.  
9.3500€*06 
9.3500E+Ob 

9,3500E+Ob 
0. 

913500E+06 

9.3500E*06 
0. 

9.3500E*06 
0.  
9 .3500E*06 
9*3500E+Ob 
O *  
9*3500E*06 
9*3500E*Ob 

913500E+Ob 
0.  

Y$3500E*Ob 

913500€+06 
0.  

1.1739E102 9.3500E+Ob 

9,3SOOE+06 
0. 

0.  

1.1938€*02 
9.35DOE+Ob 
9.3500€*06 

9,3500t*Ob 

1 . 1 a 3 ~ ~ + 0 2  9.3500E+Ob 

- 0 .  

TABLE 4 (STRINGEH PROPERTIES) ALL ZEMOES 

Y*33OOE*O6 

Y.3500€*06 
0. 

9.3500t.06 
0 1  

9,35UOE*06 
Y - 3 5 0 0 € * 0 6  

0.  
9.3500E606 
Y.3500€+06 
O I  

9.3500€+06 
9.3500€*06 

0. 
Y.3500€*06 
Y 0 3 5 0 0 E * 0 6  
0.  

Y.3500€*06 
Y.3500€*06 

0 .  
Y .3500E106  
Y.3500€*06 

Y .3500E+Ob 
0 .  

9.3500€*06 
0. 
Y.3500E*06 
Y!3500E*06 

Y.3500E*06 
0.  

9.3500€+06 

9.3500E+06 
0.  

9.3500E*06 
0. 
9*3500E+06 
Y.3500E406 

Y*3500E*06 
0.  

9.3500E*06 
0. 
Y*3500E+Otj 
9.3500€+06 
0 1  
Yo3500E+Ob 
9 ~ 3 5 0 0 E * 0 6  

-0 e 

Y.3500E106 

3.2000E-01 
0.  
3.2000E-01 
3.2000E-01 

3.2000E-01 
0. 

3.2000E-01 
0. 
3.2000E-01 
3.2000E-01 
0. 
3.P000E-01 
3 . 2 n o o ~ - o l  

3.2000E-01 
0. 

3.pnOoE-01 
0. 

312000E-01 
3.2000E-01 

0.  
3.2OOOE-01 
3.2OOOE-01 
0. 
3.2OOOE-01 
3.2OOOE-01 
0. 
3.2000E-01 
3.2000E-01 
0. 
3.2000E-01 
3.2000E-01 
0. 
3.2000E-01 

0. 
3.2OOOE-01 
3.200OE-01 

3.2000E-01 
0. 

3.2000E-01 
0. 
3.2000E-01 
3.2000E-01 
0. 

3.2000E-01 
3.2OOOE-01 

3 . 2 o o n ~ - o 1  

-0 .  
3.2OOOE-01 

8.000OE-03 

8 * 0 0 0 0 E - 0 3  
8.0000E-03 
4a3000E-01 

8.000OE-03 
8.0000E-03 

8*OOOOE-03 
4.3000E-01 

BsOOOOE-03 
4.3000E-01 
8.0000E-03 
8.00OOE-03 

8.0000E-03 
4.3OOOE-01 

8.000OE-03 
4*3000E-01 

tl.noonE-03 
8.0000E-03 

4m300OE-01 
8.0000E-03 

4.3000E-01 
M.OOonE-03 

8.0000E-03 
8.000OE-03 
4m30OOE-01 
e..OOOOE-OJ 
~ . O O O O E - O ~  
4wJOOOE-01 
8.000OE-03 
LImOOOOE-03 
4.3000E-01 
LI.00OOE-03 
B.OOOOE-0.3 
4.300OE-01 
e.ooooE-03 
9.0000E-03 

8.ooonE-03 
4.3000E-01 

8*0000E-03 
4r30OOE-01 

8.00UOE-03 
8 e 0 0 0 0 E - 0 3  

8 * 0 0 0 0 E - 0 3  
403000E-01 

8 * 0 0 0 0 E - 0 3  
4e300OE-01 
8.000OE-03 

4.3000E-01 

TAULE 5 (PRESSURE GRADIENT) ALL ZEHUES 



I N l T I A L  NONLINEAH STATE SHELL  DATA, LAMtlDA = 2.1000€+00 

S 110 120 CHI 0 

2.042RE-01 
1.9727E-01 
1.8915E-01 
1.8058E-01 
1.7216E-01 
1.6437E-01 
1.5763E-01 

1.4863E-01 
1.5227E-01 

1.4863E-01 
1.4515E-01 
1*4058E-01 
1.3526E-01 
1.2945E-01 
1.2336E-01 
1e1713E-01 
1*1091E-01 
1.0477E-01 
1.0477E-01 
9 . e 7 8 3 ~ - 0 2  

e . 2 0 9 6 ~ - 0 2  

9.2991E-02 
8.7423E-02 

7.7021E-02 
?.22CiE-02 
6.7626E-02 
6.3285E-02 
6.3285E-02 
5.9168E-02 
5.5264E-02 
5.1562E-02 
4.8051E-02 

4.156OE-02 
4.4720E-02 

3.8562E-02 
3r5715E-02 
3.5715E-02 
3.3011F-02 
3.0440E-02 
2.7996E-02 
2.5669E-02 
2.3452E-02 
2.1336E-02 
1.9315E-02 
la7380E-02 
1 ~ 7 3 8 0 E - 0 2  
1.5524E-02 
1.3741E-02 
1.2023E-02 
1.0364E-02 

x30 M10 M2Q 



S T21 

R.758OE-03 
7 elY8OE-03 
506785E-03 
4.1939E-03 
4.1Y39E-03 
2.7393E-03 

-1.009RE-04 
1.3092E-03 

'1.4954E-03 

-4.2518E-03 
-2.8779E-03 

-5.6196E-03 
-6.9836E-03 
-6.9836E-03 
-8.3454E-03 
-9.7054E-03 
-1e1063E-02 
-1.2418E-02 
-1.3767E-02 
-1.5108F-02 
-1.6436E-02 
-1.7746E-02 
-1.7746E-02 

-2.0285E-02 
-1.9032E-02 

-2.2652E-02 
-2.1495E-02 

-2r3744E-02 
-2e4156E-02 
-2.5674E-02 
-2.6481E-02 
'2.6481E-02 
-2.7158E-02 
-2.7686E-02 
-218043E-02 
-2.8207E-02 
-2.8153E-02 
-2.7857E-02 
-2.7296E-02 
-2.6447E-02 

C H I  1 M 1 1  



3.9034E-02 
3.8604E-02 
3.8604~-02 
3.8395E-02 
3.7756E-02 

3.5719E-02 
3.6829E-02 

3.4504E-02 
3.3241E-02 
3.1969E-02 
3.0717E-02 
310717E-02 
2.9503E-02 
p . m m - 0 2  
217224E-02 
2.6166E-02 
2.5162E-02 
2.4212E-02 
2.3307E-02 
2.2442E-LL 
212442E-02 
2.1612E-02 
2.08llE-02 
2.0036E-02 
1.9283E-02 

1.7829E-02 
1.8548E-02 

lr6429E-02 
1.7123E-02 

1.6429E-02 
1.5744E-02 
1.5067E-02 
10439hE-02 

1*3070E-O2 
103731E-02 

1.2412~-02 
1.1755E-02 

1.1100E-02 
lellOOE-02 

9.7874E-03 
lr0444E-02 

9.1289E-03 
e.4675~-03 
7.8022~-03 
7~1324E-03 

507756E-03 
6.4571E-03 

517756E-03 
5.0873E-03 
4.3913E-03 
3.6869E-03 
2.9738E-03 
2.2515E-03 
1.5198E-03 

2~8216E-05 
7.7864E-04 

2.8216E-05 



I N I T I P L  2ND-OHDtH PERTURBITION S I A T t  SHtLL  D A T A  

122 

-7.3120E-04 
-1.4987E-03 
-2.2731E-03 
-3.0530E-03 
-3.8362E-03 
-4.6206F-03 
-5.4033E-03 
-6.1808E-03 
-6.1'30AE-03 
-619492E-03 
-7.7039E-03 
-8.4393E-03 
-9m1496E-03 
-9.8279E-03 
-1.0467E-02 
-1.1059E-02 

-1.1595E-02 
-1.2067E-02 
-1.2462E-02 
-1.2772E-02 
-1r2984E-02 
-1.3086E-02 
-1.3066E-02 
-1.2913E-02 
-1.2615E-02 

-1.1595E-02 



-4,8J61t*01 
-4.bj71E*01 
-4.4379€*01 

-4*044lt*01 
-4.044lE'Ul 
-318506E*Ol 
-3.6604€*01 
-3a4?4OE*01 
-3.2016€*01 

-L.Y400t*Ol 
-2,1715E.01 
-2.6081€*01 

-2,4496t*01 
-i?,ZY65E*01 
-2*148dE*Ul 
- 2 . 0 0 6 6 E * 0 1  
-I.db97E*01 
-I,?ddJE*Ol 
-l.b124E+01 
-1,4Y19t*01 
-1,4YlYE*01 
-1.3767E*01 

-4,2JYYk*Ol 

-3*113St*01 

-2.6081~401 

.-l.db6YE*OI 
-l,lb24k*01 
-l.Ob31E*Ol 

-8 ,  / Y 4 8 € * 0 0  

-7,lS64E*00 
-7.1564E'OO 
-6.408lE.00 
-5.?O58t'00 
-5,0*81E*OU 
-4 .433Yt .00  
-3.8615E400 
-J.3298€*00 

-Z.J829E+UU 
-2.8374t*OO 

-r2.3829€*00 
-l.Y645E*UO 
-1.5812t*00 
-1.2314€*30 
-Y,1357€-01 
-6.2b2YE-01 
-3,bd03€-01 
-1.3728E-01 
b, I444E-02 
6.7444E-02 
2.4766E-01 

6.5553€-01 
5.402bE-01 

1.5193E-ul 
8.JO94E-01 

- Y , 6 8 / 5 E * O l l  

- ~ . Y ~ I ~ E * o o  

4e0478E-01 



8.Y301t-01 
3 . 4 2 2 0 t - 0 1  
9.4220t-u1 

9,998ZE-01 
Y.7104E-01 

l.U143€+UO 
100118E*00 

Y,Y53L)t-01 
1 o u u t l * t * 0 0  

0.7655E-01 
Y o S 3 0 4 E - U l  

RATE OF CHANGt OF STIFFNESS W1Th LAMHUA m 2 . I Y 3 3 E - 0 6  

BUCKLINQ MODE 

CRITICAL HARMONIC = 6 
CRITICAL LOAD 2 1 0 9 1 t * 0 0  

S P 

-4,642E.01 
-4*318E*01 
-4?138E*OI 
-4.042E*01 
-3r986E101 
-3.942E601 
-3?894E*01 
-30021E*01 
-3*707E*01 
-3!707E*01 
-31533€*01 
*3?285E*Ol  
- 2 * 9 5 6 € * 0 1  
-2.544E*01 
-2!047E*Ol 
- 1 * 4 6 8 € * 0 1  
-B?O94E*OO 
-7.494E-01 
-7.494E-01 

7.292ElOU 
10597E*Ol  
20519E.01 
3.490E.01 
4.501€*01 
5*542E*01 
6*606E*Ol  

CY1 

-2.033E-UZ 
-2.O63t-02 
-2.121E-UZ 
-2.199E-02 
-2.294E-02 
-2,4OOE-U2 
-2.51bE-02 
-2.637E-02 
-2.760E-02 
-2.760E-02 

-3.010E-02 
-2.BB7E-UL 

-3.126E-UL 
-3.231E-02 
-3.323k-02 
-3.400t-02 
-3.460E-02 
-3.5113E-UL 
-3.503E-02 
-3.527E-UL 

-3.516C-02 
-3 .48 l t -02  
-3,426t-UZ 
-3.352E-02 
-3.259E-UP 

-3.S31E-02 



-3.1486-02 
-3. l48E-02 
-3.020E-02 

-2.714E-02 
-2.539E-02 
-em350E-02 
-2.150t-02 

-1.717C-02 
-1.938E-02 

-1,717E-02 

-1.251E-02 
-1.009E-U2 
-7.632E-OJ 

-2.b33E-03 
-5.141E-03 

-1.212E-04 
2.383E-03 
2.3H3E-OJ 
4.86~-03 
7.322E-03 
9.73LE-U3 
1.en9~.-02 
1.44OE-U2 
1 .6h3€-02 
1. BIBE-O~ 
2.084E-02 
2. ~ ~ - 0 2  
2.281€-02 
2.468E-02 
2.644E-02 
2.BOBE-OL 
2,961E-02 
3.101E-02 

3.34lE-02 
3.227.5-02 

3.341E-02 
3.439E-02 

3.592E-02 

3.682E-02 
3 .645E-OL 

3.703E-OE 
3 . 7 n 1 ~ - 0 2  

3,686E-OC 
3,6t16€-02 
3,651t-U2 
3.qQ5E-02 
3.519t-02 

-P.BTSE-UL 

- I .~OBE-O~ 

3.523E-02 

3.<<'2E'OL 

3.157E-02 
3.;J1t-02 

P.98RE-UL 
2.7*2€-02 
2.7YLE-02 



BOUNOAWY  NUMBER 1 S a 4*0106€*01 

2.569E-02 
2.316t-UZ 
2,032li-Ui! 
1.715E-02 

9.731E-03 
1.3h2E-Ut 

5.444k-U3 
7.3Y1E-U+ 

RINQ D A T A  

EA = 6.7000€*06  EIX  1.2900€*06  EIY = 7.5BOOE*06 EIXY a -1.5000E*05 GJ 6.7800€*03 ZOIR = - ~ . E J P O O E - O ~  

BoUNOARY  NU”3ER 4 S 8 6.3670E*01 

B 8 I C  0 a 0 ,  L VEfTOR * 0 I C * 9 * S * M l  CON!INUOUS~ 

BOUNDARY  NUMBER 5 5 7.1620€*01 

B x 1, 0 01 L VECTOR = 0 lP*PgS*Ml  CONTINUOUSI 



m 
0 

BOUNDARV NUMEER 8 S = 9 . 5 5 0 4 € * 0 1  

E = I *  D 0 1  L VECTOR = o ( p r a r s , n l  CONTINUOUS) 

EOUNDAHV NUMBER 9 S = l r 0 3 4 6 E * 0 2  

B I r  0 8 O *  L VEcTOR 8 0 I P * O * S r M l  CONTINUOUS) 

BDUNDARV NUMEER 1 0  S l . l 1 4 Z E * O Z  

E I *  0 8 Or L VECTOR m 0 ( P r C * S r M l  CONTINUOUS1 



AXISYMWtTRIC COMPONENT OF SECOND-ORDER CONTRIBUTION 10 BUCKLED STATE 

5 CAP S 

0. 
0. 
0.  
0. 

0. 
0. 

0. 
0. 
0.  
0.  
0.  
0. 
0 .  
0 .  
0.  
0 .  
0 .  
0. 
0.  
0.  
0.  
0.  
0.  
0. 
0.  
0. 
0.  

X I  

-3.l22RE-02 
-2.8409E-02 

-2.1941E-02 
-2.5319E-02 

-1,8255E-02 
-1,424OE-02 
-9.8721E-03 
-5.1319E-03 
5.5511E-16 
0. 
5.7763E-03 

1.8734E-02 
1.2015E-02 

2,5947E-02 

4,1869E-02 
5.0573E-02 
5.9754E-02 
5.9754E-02 
h.9386E-02 
7.9435E-02 

1.0060E-01 
1,116lE-01 
1.22r)OE-01 
1.34llE-01 

3.3(r5a~-o2 

8.9857~-02 

1.4544E-01 

ETA 

A . T O ~ ~ L - O ~  
-3.7331E-04 

-3.1562E-03 
-1.7135E-03 

-4.70Y8E-03 
-6.3813E-03 
-8.1791k-03 
-1.0117E-02 
-1.22llt-02 
-1.2211E-02 
-1,4576E-02 
-1,7137E-02 
-1,9894C-02 
-2.2819E-02 
-2.599bt-02 
-2.9333E-02 
-3,EBSlE-02 
-3.6541t-02 
-3.6541t-02 
-4,038YE-02 
-4.4381t-02 
-4.849BE-02 
L5.2720E-02 
-5.7023E-02 
-6.1381t-02 
-6,5764E-02 
-7.0142t-02 

0. 
0. 
0. 

0.  
0 1  

0. 
01 

0. 
0. 
0. 
0. 

0 .  
0. 

0.  
0.  
O #  
0. 
0.  
0.  
0.  
0.  
0.  
0. 
0.  

0.  
0 .  
n. 

V CHI 

2.9e70~-03 
J.2813E-UJ 

3,92255-U3 
3.5918E-03 

4.27blE-03 
4.6541E-OJ 

5.4835E-03 
s.056ee-o? 

5.9322E-03 
5.9322E-UJ 
h.4220E-03 
6.9331E-03 

7.9979E-03 

9.0742E-03 
9.5969E-03 

1.0097E-02 
1.05h5E-02 

1.1366E-02 
1.1679E-02 
1.1921E-02 

7a4601!i-03 

~ . S ~ I M - O J  

1.0097E-02 

1.0991E"lL 

I.POB4E'OZ 
1.2160E-OL 
1.2142E-02 



0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 

0. 
0. 

0. 
0. 
0. 
0. 
0. 
0. 
Om 
0. 
0. 
0. 
Om 
0. 
O m  
0. 
0. 
0. 
0. 
0. 

0. 
0. 

0. 
0. 
0. 
0. 
0. 
Om 
0. 
0. 
0. 
0. 
0. 
Om 

o s  
0. 

0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 

0. 
0. 

-7.0142E-02 
-7,4482E-02 
-7.8750E-02 
-8.291lE-02 
-8.6930E-02 
-9.OTIlE-02 

-9,7777E-02 
-9.439et-02 

-1.0087E-OL 
-1.0087E-01 
-1.0366E-01 
-1.0610t-01 
-1 * 08 17E-0 1 
-1.0984E-01 

-1.1193E-01 
-1.111OE-01 

-1.12326-03 
-1.1225E-01 
-1.1225E-01 
-1.1173E-01 
-1*1075t;-Ol 
-1.0933E-01 
-1.0746t-01 
-1.0517E-01 
-b,nr"3E-Ol 
-9.9397E-02 
-9,5959E-02 
-9,5959L-02 
-9.2195E-02 
-8,8137E-Dt 

-7.9283E-02 
-7.+564L-02 

-6,4746E-02 
-6.9705E-02 

-5.9729E-02 
-5.9729E-02 
-5.4694E-02 
-4,968lE-02 
-4.4730E-02 
-3.9875E-02 
-3.5153E-02 

-2.6226E-02 
-3.0594E-02 

-2,2073E-02 
-2,2073E-02 
-1.815bE-02 
-1.4494E-02 
-1.11OlE-02 
-7,986OE-03 
-5,1567E-03 
-2.6149E-03 
-3.6002E-04 

1,6118E-03 
1.6118E-03 

3.3068k-03 

-a.3820~-02 

0. 
0. 
0. 
0. 
0. 
0. 
0.  
0. 
0. 

0. 
0. 

0. 
0. 
0. 
0. 
01 

0. 
0. 
0. 
01 
0. 
0. 
0. 
0. 
0. 

Om 
0 1  

O m  
0. 
0. 
0. 
Om 
0. 

0. 
0. 

0. 
0. 
0. 
0. 
O m  
0. 
0. 
0. 

0. 
4 .  

0. 
0. 

0 .  
0. 
0. 
0. 
0. 
0. 

0. 
om 

Om 
0. 



03 
W 

S U 

-4a6080E-03 
-5.4T99E-03 
-6.3bLlE-03 

-8a17b6E-03 
-7.2651E-03 

-9,0758E-03 
-9.9994E-03 
-1.0953E-02 

-1.1944E-02 
-1.3018E-02 
-1,4129E-02 
-1,5269E-02 
-1.bt27E-02 
-1,759OE-02 
-1.8748E-02 
-1.9889E-02 
-2.1000E*02 
-2.1000E-02 
-2*2067€-02 
-2,3078E-02 
-2.4022E-02 
r214886E-02 
-2,5b59€*02 
-2,633OE-02 

-2.7336E-02 
-2,7336E-02 
-2.7654E-02 

-2,7902E-02 
-2,7827E-02 
-2.1618E-02 
-2,7278E-02 
-2.6811E-02 
-2.b224E-02 

-2,5521E-02 

-1a1944E-02 

-2.b89te-02 

-2r7844E-02 

-2a6224E-02 

-2,4713E-02 

-2,Ztt21E-02 
-2,1757E-02 
-290634E-02 
-1.9463E-02 

-2.3e09E-02 

V 

0 .  
01 

0. 
0. 
0. 
0. 
01 

0.  
0 1  

0. 
0. 

0 1  
0. 
0. 
0. 
O m  
0. 
0 .  
0. 

0 .  
0 1  

0. 
O *  
om 
O *  

0. 
0. 

0 .  
0 .  
0. 
0. 
0 .  
0. 
0. 
0. 
01 

0 1  

0. 
0. 

O *  
0. 

0. 
0 0  

0 .  

W 



03 
P 

0. 
0. 
0. 
0. 
0. 
0 .  
0. 
0. 
0. 

0 .  
0. 

0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 

0. 
0. 

0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 

0. 
0. 

0. 
0. 
0. 
0. 
0. 
0. 
0. 

O ?  

O ?  



P P X I  

2.9001E-04 

7.2693E-04 
1.0171E-03 
1.3460E-03 

2.i769E-03 
1.7278E-03 

2.706"E-03 
3.3319E-03 
3.3319E-03 

4 . 6 n 1 5 ~ - 0 4  

4.0985E-03 
4,9994E-03 
6.0513E-03 
7.2708E-03 
8.6733E-03 
1.0274E-02 
1.2086E-02 
1 . 4 1 2 2 ~ ~ 0 2  
1 . 4 1 2 2 ~ - 0 2  

1.8901E-02 
1.6391E-02 

2.1659E-02 
2,4665E-02 
2.7923E-02 
3.1426E-02 
3.5170E-02 
3.9144E-02 
3.9144E-02 

4.773OC-02 
4.3336E-02 

5.2307E-02 

6.6903€-02 
6.19POE-02 

7.7o71E-02 
7,1964E-02 

8.2190E-02 
7.7071E-02 

8.7284E-02 
9.2316€-02 
9.7249E-02 
1.0204E-01 
1.0666E-dl 
1.1106E-01 

1.1520E-01 
1,152OE-01 

1.1906E-01 
1.2260E-01 
1.2577E-01 
1.2R57E-01 

5.7045E-02 

1 . 3 n 9 4 ~ - 0 1  
1.3288E-01 

3,1941E-04 
1.1925t-04 

-2.P194E-04 
-5,0038E-04 

-1,0108E-03 
-7,4096E-04 

-1,3113t-03 
-1,6677E-03 
-1,6677E-03 
-2,0876E-03 
-2.5708t-03 
-3.1229E-03 
-3,7481k-03 
-4,4518E-03 
-5,2355E-03 
-6,1018E-03 
-7.0521k-03 
-7,0521E-03 
-8,0869E-03 
-9,2059E-03 
-1,0408t-02 
-1,169ZE-02 
-1,3055E-02 
-1.44Y4t-02 

-1,7584E-OE 
-1,bCOSE-02 

-1,7584E-02 
-1.9226E-02 
-2,0925t-02 
-2,2676E-02 

-2.6303k-02 
-2.4471k-02 

-3,0046E-02 
-2,8164E-02 

-3.1941t-02 
-3 ,194 l t -02  
-3,3838E-02 
-3.5128E-02 
-3,7599C-02 
-3,9442€-02 

-4,2997E-02 
-4,1245t-02 

-4,6299E-02 
-4,4685t-02 

-4.62YYk-02 
-4,7826t-02 
-4,925SE-02 
-5,0573k-02 
-5.1770t-32 
-5,2834t-02 
-5.3754E-02 

-7.a201t-05 

CHI 

3.0033E-04 
J.0527E-04 
3.2219E-04 

4.0815E-04 
4.7633E-04 
5.5983E-04 

J.5716E-04 

605919E-04 
707459E-04 
7.7459E-04 
9.1219E-04 
l .0678t -03  
1.24l lE'03 
104316E-03 
1.6361E-03 

2.0939E-03 
1.8594E-03 

2.3395E-03 
2.3395E-03 
2.594OE-03 
2r8550E-03 
J.1199E-03 
3.3e55e-03 
3.6490E-03 
3.9071E-03 
4.1566E-03 
4.3941E-03 
4.3941E-03 

4.8197E-03 

5,1584E-03 
5.2876E-03 
5.3863E-03 
5,4521E-03 
5.4829C-03 
5.4829E-03 
5.4167E-03 
5.4323E-03 
5.3484E-03 

5.06PlI5-03 
5.2244E-03 

4.8554E-03 
4.6109E-03 
4.3276E-03 
4.327t.E-03 
4.0006€'03 
3.6498E-03 
3.259215-03 
2.83716-03 

1.9092E-03 

4.6162E-03 

5.0015E'OJ 

2 , ~ e 6 0 ~ - 0 3  



1.3435E-01 
1.3535E-01 
1.3535E-01 

1,3583E-01 
1.3584E-01 

1.3426E-01 
1.3270E-01 
1.3061E-01 
1.2802E-01 
1.2494E-01 
1,2494E-01 
1.2137E-01 
1.1733E-01 
l.1286E-01 
1.0797E-01 

9.7083E-02 
1.0270E-01 

9.1151E-02 
8.4947E-02 
8.4947E-02 
7,8514E-02 
7,1901E-02 
6.5162E-02 
5.8353E-02 
5.1536E-02 
4.4777E-02 

3.1727E-02 
3.1727f-02 
2.56OlE-02 
1.9864E-02 
1.4621E-02 

6,0863E-03 
9.9857E-03 

3.0656E-03 

3.0959E-04 
1.0814E-03 

1.3531~-01 

3.a1re~-oz 

-5.4520t-02 
-5.5122E-02 
-5,5122L-02 
-5,555Zli-02 
-5.5801E-02 
-5,58636-02 
-5.5733E-02 
-5.5404E-02 
-5,4875E-02 
-5.4142E-02 
-5.3204E-02 
-5.3204E-02 
-5.2064E-02 
-5.0721E-02 

-4,5533t-02 
-4,7450t-02 

-4,344OE-02 

-4,9182E-02 

-4,118lE-02 
-3.~769~-02 
-3.~769~-02 
-3.6211t-02 
-3.3543E-02 
-3,0766t-02 
-2.7907E-02 
-2,4993E-02 
-2.20506-C2 
-1,9109t-02 
-1,6209E-02 
-1.620Yt-02 
-1.3389E-02 

-8.1915L-03 
-1.0699E-02 

-569314t-03 
-3,99oe~-03 
-2.4551E-03 
-1.422a~-o3 
-1.0080t-03 



S U 

3.494YE-lJ4 
2.0010E-04 

-8.3652E-05 
5.7503E-05 

-2.2851E-04 
-3.8394E-04 

-7.35397-04 
-5.5167€-04 

-9,3853t-04 

-1,1705E-03 
-9.3853E-04 

-1,4278t-03 
-1,7103E-03 

-2,3453E-03 
-L10170t -03  

-2.6924€-03 
-3.0542E-03 
-3.4264E-03 
-3.4264E-03 
-3.8034E-03 
-4.1801E-03 
- 4 , 5 5 0 7 E - 0 3  
-4.9095E-03 
-5.2504E-03 
-5,5681E-03 
-5,8572E-03 
-6,1131E-03 
-6,1131€-03 
-6.3308E-03 
-6.5070E-03 
-6.6385E-03 
-6.7228E-03 
-6,7515E-03 
-6.7422E-03 
-6.6766E-03 
-6.5611E-03 
-6*5611€-03 
-6.3Y67E-03 
-6.1853E-03 
-5,9296E-03 
-5.6324E-03 
-512969E-03 
-4.9276E-03 
-4.5288€-03 
-4,105lE-03 

V Y 
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U N S Y M M ~ T R ~ C A L  BUCKLINO MODE WITh 6 CIRCUMFERENTIAL WAVES, 8 = -1.67093-01 

PRERUCKL~NG  STIFFNESS 8 le2614E-05  POSTBUCKLING  STIFFNESS = 2.29393-05 



APPENDIX D 

COMPUTER  PROGRAM DOCUMENTATION 

This   appendix   cons is t s   o f   p rogram  de ta i l s   necessary   to   modi fy   the  
program  but   unnecessary   to   use   the   p rogram.   This   in format ion  is d i v i d e d   i n t o  
four  main parts: (1) a n   o v e r a l l   l o g i c a l   f l o w   c h a r t  of the  program; (2) b r i e f  
descr ip t ions   o f   cont rac tor -suppl ied   subprograms;  (3) a g lossa ry   o f   t he   ma jo r  
FORTRAN va r i ab le s ;   and  ( 4 )  a l i s t i n g  of t h e   s o u r c e  program. 

Overa l l   Log ica l  Flow of   Postbuckl ing  Program 

Read and write case t i t l e  c a r d  
I D O N E  = 0 
I T E R  = 0 
Call  OVERLAY 1 

""- OVERLAY 1 

Read case o p t i o n   c a r d :  NSG, NWP, N F M ,  NST,  NPG,  NML, NIC, RTABL, 

FN = 0. 
If NSG = 1, LSTAB = 1 (Max e n t r y  no. t o   be   de t e rmined   f rom  inpu t  

I f  NWP = 1, LTAB(1) = 1 (No. of l a y e r s   f o r   e a c h   s u b i n t e r v a l   t o   b e   d e t e r m i n e d  

Read b a s i c   i n p u t   t a b l e s  

I S S 4 ,  ISSW6 

geometry  cards) 

f r o m   i n p u t   w a l l   p r o p e r t i e s   c a r d s )  

Geometry: NOUT2, NOUT1, TS, TR, TRP, TRR2 
Wall p r o p e r t i e s :  TE1, TE2, TE12, TNU1, TH 
Foundation  moduli: TK1,  TK2, TK3 
S t r i n g e r   p r o p e r t i e s :  TEAST, TEIST,  TGJST, TZBST 
P r e s s u r e   g r a d i e n t :  TX3X,  TX3Y 

Read s t a n d a r d   p r e b u c k l i n g   d a t a   ( i f  NML # 0 )  
FLAM, LTYPE 
TTPHIN, T T I N ,  TT2N, TCHIN 
TTPHIO , TTlO, TT20, TCHIO 
TX30 

TMYN, TMYO 
T M I N ,  TM10, T M N ,  TM20 
T P H I 1 ,  TT11, TT21, T C H I l  
STIFN, STIFO 

Read a d d i t i o n a l   p r e b u c k l i n g   d a t a   ( i f  NML and I S S 4  # 0 )  



Write statement t e l l i n g  i f  l ive o r   d e a d   l o a d i n g  
Write geomet ry   t ab l e   ( i f  NSG i n p u t  as 1) 
Write wall p r o p e r t i e s   t a b l e  i f  i n p u t  
Write founda t ion   modu l i   t ab l e  i f  i n p u t ;  

Write s t r i n g e r   p r o p e r t i e s   t a b l e   i f   i n p u t ;  

Write p r e s s u r e   g r a d i e n t   t a b l e   i f   i n p u t ;  

Write p r e b u c k l i n g   d a t a   ( i f  NML # 0) 
Read buck l ing  mode d a t a  

FNC, NTLC, GUESS 
Write harmonic  number (F1  C) and c r i t i c a l  load  (FLAM + GUESS) 

i f   n o t   i n p u t   a n d  NFM = 1, set t o   z e r o  

i f   n o t   i n p u t   a n d  NST = 1, set t o   z e r o  

i f   n o t   i n p u t   a n d  NPG = 1, set t o   z e r o  

Re2.d and write buck l ing  rlode r e s p o n s e   v a r i a b l e s   f o r   e a c h   p o i n t ,  (CP, CQ, CS, 

Compute buck l ing  mode s h d l  stress r e s u l t a n t s :  TTlC ,  TTZC, TT12C 
Compute buckl ing  mode r o t a t i o n s :  TCHIC,  TPSIC, TTHETC 
Compute buck l ing  mode n o r m a l   s t r a i n s :  TEPSlC, TEPSZC,  TCAPlC,  TCAPZC 
Compute p r e b u c k l i n g   s h e l l  stress r e s u l t a n t s   a n d   r o t a t i o n s  a t  buckl ing   load:  

I f  N I C  = 0 ,  make NOUT1-table n e g a t i v e  a t  a l l  boLndaries   except  dome c l o s u r e s  

C M l ,  X I ,  ETA, SV, CHI) 

TTlNO, TTPNO, TCHINO 

Read O K  

Compute 
Compute 
Correc t  
Compute 
Compute 
Compute 

Compute 
Compute 

and ;-rite "ALI. B ,UNDARY DATA TAKEN FRO? Fr;: 1')IJS CASE" 

a )   I f  NOUTl  = i , se t  boundary  condi t ion matrices f o r   f o r c e   f r e e  

b )   I f  NOUTl  = I . ,  r ead  & write  r i n g   d a t a :  TEA, T E I X ,   T E I Y ,  TEIXY, 

generate  bounda y c o n d i t i o n s   f o r   e a c h   b t   m c a r y :  

boundary: LBP = I, BD = 0 ,  SL = 0 and write same 

TGJT, TZBAR, TSBAR 
Write r i n g   p r e b u c k l i n g   d a t a :  TTPHIN, TTPHIO and 

TPHI1, TMYN, TMYO ( i f  ISS4 # 0) 
( I f  N O U T l  = -1, u s e   r i n g   d a t a   a l r e a d y   i n  memory and write 

"BOUNDARY DATA TAKEN FROM  PREVIOUS  CASE") 
Compute boundary   condi t ion  matrices (BBP, BD, SL) and  buckling 

mode stress r e s u l t a n t   a n d   r o t a t i o n s  (TPHIC, TWXC, TWYC) 
c )   I f  N O U T l  = 2,  read  and wr i te  BBP, BD matrices and set SL v e c t o r  

( I f  N O U T l  = -2, u s e  BBP, BD, SL a l r e a d y   i n  memory and write 
t o   z e r o  

"BOUNDARY DATA TAKEN FROM PREVIOUS  CASE") 
p r e b u c k l i n g   s t i f f n e s s  a t  buckl ing   load:  STIFNO ( i f  ISS4 # 0 )  
and write i n n e r   p r o d u c t  (PRODC) 
and write c o r r e c t e d   i n n e r   p r o d u c t   ( i f   I S S 4  # 0)  
and write a(AMAX) f o r   w o r s t   i m p e r f e c t i o n   s h a p e  
and write B(BMAX) fo r   wors t   imper fec t ion   shape   ( i f   ISS4  # 0 )  
and write a(AM0DE) a n d   r a t i o  (FIL)  of max normal 
a m p l i t u d e   t o   a n g u l a r   a m p l i t u d e   f o r   b u c k l i n g  mode imper fec t ion  
and w r i t e  B(BM0DE) f o r   b u c k l i n g  mode imper fec t ion   ( i f   ISS4  # 0) 
~ 1 .  €1 (SlEl)  

Buf fe r   ou t   l abe led  common  (TAPE 1) 
Compute BBP , BU , SL f o r  dome c l o s u r e ( s )   ( i f  N O U T l  = 4)  
I f  FNC = O . ,  compute  and write 1st p o s t b u c k l i n g   c o e f f i c i e n t  (SA) and s t i f f n e s s  

K* ( i f  ISS4 # 0 ) ;  se t  IDONE = 1 a n d   r e t u r n   t o  M A I N  f o r   n e x t  case 
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S e t  up a r t i f i c i a l   r i g i d  body cons t r a in t ( s ) ,   i f   necessa ry ,   fo r   boundary  
value  problem  for  axisymmetric component of second-order  post- 
buckl ing  state 

R e  t u r n  

MAIN 

Check t o  make s u r e   a l l   b u f f e r e d   d a t a  is ou t  of  co re  
Call OVERLAY 2 

- 

OVERLAY 2 

ITER = 3 
Compute complementary  solutions (PRU, PRV, PRW, PRZ) for  axisymmetric 

ITER = 1 
Compute p a r t i c u l a r   s o l u t i o n  (PRG, PRJ) 
Combine complementary  and p a r t i c u l a r   s o l u t i o n s   t o  form  axisymmetric 

R e t  urn 

component  of second-order state 

s o l u t i o n  ( Y ,  Z) 

MAIN 

C a l l  OVERLAY 1 

OVERLAY 1 

Buf fe r   i n   l abe led  common 
Write axisymmetr ic   solut ion 
Check t o  make s u r e   a l l   b u f f e r e d   d a t a  i s  i n   c o r e  
Compute a s s o c i a t e d   s h e l l  stress r e s u l t a n t s :  TTlSO, TT2SO 
Compute a s s o c i a t e d   s h e l l   r o t a t i o n s :  TCHISO 
Compute a s s o c i a t e d   s h e l l   s t r a i n s :  EPSlSO, EPSZSO, CAPlSO, CAP2SO 
Compute a s soc ia t ed   r i ng  stress r e s u l t a n t s :  TPHISO 
Compute a s s o c i a t e d   r i n g   s t r a i n s :  TEPSSO 
I f  I S S 4  # 0,  compute O ~ * - E ~  (SOE2) 
FN = Z.*E'NC 
Save NOUT1-table 
Make N O U T l  n e g a t i v e   a t   a l l   b o u n d a r i e s   e x c e p t  dome c losu res  
Recompute BBP, BD, SL m a t r i c e s   f o r   r i n g s  (NOUT1 = -1) 
Restore  NOUT1-table f o r   n e x t   c a s e  
Buffer   ou t   l abe led  common 
Recompute BBP, BD, SL matrices f o r  dome c losu re ( s )  (NOUT1 = 4 )  
E l i m i n a t e   a r t i f i c i a l   r i g i d  body c o n s t r a i n t ( s )   i f   n e c e s s a r y  
Return 

91 



MAIN 

Check t o  make s u r e  a l l  bu f fe red   da t a  is out   of   core  
Call OVERLAY 2 

OVERLAY 2 

ITER = 4 
Compute complementary  solutions (PRU, PRV, PRW, PRZ) f o r  nonsymmetric 

ITER = 2 
Compute p a r t i c u l a r   s o l u t i o n  (PRG, PRJ) f o r  nonsymmetric component . 
Combine complementary  and p a r t i c u l a r   s o l u t i o n s   t o  form  nonsymmetric 

R e t  urn 

component of second-order s ta te  

s o l u t i o n  (Y, Z) 

M A I N  

C u l l  OVERLAY 1 

OVERLAY 1 

Buffer  in  l abe led  common 
Write nonsymmetric s o l u t i o n  
Check t o  make s u r e  a l l  bu f fe red   da t a  is  i n   c o r e  
Compute a s s o c i a t e d   s h e l l  stress r e s u l t a n t s :  TTlSN, TTZSN, TT12S 
Compute a s s o c i a t e d   s h e l l   r o t a t i o n s :  TCHISN, TPSIS, TTHETS 
Compute a s s o c i a t e d   r i n g  stress r e s u l t a n t s :  TPHISN 
Compute a s s o c i a t e d   r i n g   r o t a t i o n s :  TWXS,  TWYS 
Compute and write 2nd p o s t b u c k l i n g   c o e f f i c i e n t  (SB) 
IDONE = 1 
I f  ISS4 # 0 ,  compute K* (STIF)  and write STIFNO and  STIF 
R e t u r n   t o  M A I N  f o r   n e x t  case 

" 

Subprogram  Descriptions 

M A I N  

This  program  always  resides i n   c o r e   a n d   c a l l s   t h e  two primary 
overlays.  I t  r eads   and   p r in t s   t he  t i t l e  card  and  terminates   the  job when 
completed. A f lou   cha r t   o f  MAIN is  shown i n   F i g u r e   1 0 .  
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I 

PRIMARY OVERLAY 1 

This   over lay   cons is t s   o f   th ree   cont rac tor -suppl ied   p rograms:  INPUT, 
INT1,  and  1112. I N T l  and  1112 are quadrature   subprograms  cal led  by INPUT. 
Th i s   ove r l ay   e s sen t i a l ly   pe r fo rms  a l l  f u n c t i o n s   o t h e r   t h a n   t h e   a c t u a l  
s o l u t i o n  of t h e   d i f f e r e n t i a l   e q u a t i o n s   f o r   t h e   s e c o n d - o r d e r   p o s t b u c k l i n g  
state. 

-_I_ 

INPUT 

This  program  reads,  writes, and   processes  a l l  o f   t h e   i n p u t   d a t a .  It 
prepares   the   boundary   condi t ions   for   the   ax isymmetr ic   and   nonsymmetr ic  
problems  and   processes   the i r   so lu t ions .  I t  writes a l l  o u t p u t   r e s u l t s .  

" I N T l  (ca l led   by  INPUT) * 

This   subprogram  computes   n ine   d i f fe ren t   func t iona ls .   In tegra t ions  
over   the   she l l   mer id ian   a re   per formed  by   S impson ' s   ru le .  The f u n c t i o n a l  
t o   b e  computed i s  determined by t h e   v a l u e   o f   t h e   p a r a m e t e r  INTGRD, which 
i s  t r a n s m i t t e d   t o  I N T l  through  blank COMMON, a c c o r d i n g   t o   t h e   f o l l o w i n g  
t a b l e .  

~ 

USE 

a(nc  = 0 )  

a (nc  = 01, b ,  a ,  B 

Kn(n = 0 )  
C 

K*, al*L1(ul) 

K* 
,. 

'mode' 

c o r r e c t  F 

"'mode 
A 

A 

B 
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The f u n c t i o n a l s  shown above f o r  INTGRD = 3, 5, 6, 7, 8, 9 depend  on d a t a  
in   the   op t iona l   p rebuckl ing   da ta   deck ,   and   consequent ly  are n o t  computed 
unless  ISS4  (column 76 o f   t he  case op t ion   ca rd )  # 0. 

- I112  (cal led  by INPUT) 

This  subprogram is similar t o  INT1. e x c e p t   t h a t  i t  computes two 
func t iona ls   s imul taneous ly   each  time it  is entered.  A s  wi th  INT1, t h e  
parameter INTGRD de te rmines   t he   func t iona l s   t o   be  computed acco rd ing   t o  
the   fo l lowing   t ab le  

INTGRD FUNCTIONALS - USE 

0 U2'L2 (u,) b 

+1 

-1 

A 

b 

,. 
a 

PRIMARY OVERLAY 2 

This   overlay  consis ts   of   thi r teen  contractor-suppl ied  programs:  
SRA202, RKS3, DER, CNT, MATS, "4, MVM, "A, W A ,  MAE, SLOPE,  SLOPE1, and 
SLOPE3. The o n l y   f u n c t i o n   o f   t h i s   o v e r l a y   t o  compute the  axisymmetric 
and  nonsymmetric  components  of the  second-order  postbuckling s ta te  f o r  
processing  by PRIMARY OVERLAY 1. It accompl ishes   th i s   t ask  by s o l u t i o n  
of  the  l inear  boundary-value  problem  for  each  of  these  components.  

sRA202 

This  program sets up t h e   i n i t i a l   c o n d i t i o n s   f o r   t h e   f o r w a r d   i n t e g r a t i o n  
t o  ob ta in   complementary   and   par t icu lar   so lu t ions   o f   the   d i f fe ren t ia l  
equat ions   for   the   ax isymmetr ic   p roblem  ( in   the   f i r s t   pass   th rough OVERLAY 2) 
and  the  nonsymmetric  problem  (in  the  second  pass  through OVERLAY 2 ) .  
It a l s o  combines t h e  complementary  and p a r t i c u l a r   s o l u t i o n s   t o   f o r m   t h e  
s o l u t i o n   f o r   e a c h  of these  problems. 
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WS3 ( ca l l ed   by  SRA202) 

This  i s  a gene ra l   pu rpose   sub rou t ine   wh ich   i n t eg ra t e s  a system  of  
f i r s t - o r d e r   o r d i n a r y   d i f f e r e n t i a l   e q u a t i o n s   o f   t h e   f o r m   d y i / d s  = f i ( s ,y i )  
by  the  fourth-order   Runge-Kutta   method.   Each  integrat ion  s tep is a c t u a l l y  
performed i n  two h a l f - s t e p s ,   e a c h   u s i n g   c o n v e n t i o n a l  Runge-Kutta, t o   o b t a i n  
midpoin t   va lues   o f   the   der iva t ives   f i .   These  are used   a long   w i th   t he   de r iva -  
t i v e s  a t  t h e   i n i t i a l   a n d   e n d - p o i n t s   t o   f o r m  a S i m p s o n ' s   r u l e   e v a l u a t i o n   f o r  
t h e   f u l l   s t e p .  The  magnitude  of  the  difference  between  the  Runge-Kutta  inte- 
g ra t ion   ove r   t he   . two   ha l f - s t eps   and   t he   S impson ' s   ru l e   i n t eg ra t ion   ove r   t he  
f u l l   s t e p  i s  taken  as a n   i n d i c a t i o n  of t h e   t r u n c a t i o n   e r r o r   a n d  i s  used as a 
b a s i s   f o r   m o d i f i c a t i o n   o f   t h e   s t e p   s i z e .   A u t o m a t i c   s t e p   m o d i f i c a t i o n  i s  
c o n t r o l l e d  by v a l u e s   o f   t h e   a b s o l u t e  (ATABL) and r e l a t i v e  (RTABL) e r r o r  
t o l e rances   p rov ided   t o   t he   rou t ine .   S ince  RKS3 has  no COMMON b lock ,  
a l l  communication  with i t  is through i t s  ca l l i ng   s equence .  

- DER ( ca l l ed   by  RKS3) 

Upon e a c h   c a l l   f r o m  RKS3, th i s   subprogram  computes   the   der iva t ives  
f i ( s , y i )   f o r  RKS3 us ing   t he   va lues   o f  s and y i  provided  by RKS3. This  
subprogram is  e n t e r e d   e i g h t  times f o r   e a c h   f u l l   i n t e g r a t i o n   s t e p .  

- CNT ( c a l l e d  by RKS3) 

This  subprogram is e n t e r e d  a t  t h e   e n d   o f   e a c h   f u l l   i n t e g r a t i o n   s t e p .  
Upon e a c h   e n t r y   t o  CNT du r ing   t he   i n t eg ra t ion   fo r   complemen ta ry   so lu t ions ,  
i t  per forms  the   fo l lowing   func t ions :  

(1) checks  the  growth  of x t o   d e t e r m i n e   i f   t h e   s u b i n t e r v a l  i s  too 
long,  

(2)  f o r c e s   t h e   i n t e g r a t i o n   t o   l a n d   o n   t h e   s p e c i f i e d   i n p u t   s t a t i o n s ,  
and   s tores   the   va lues   o f   the   complementary   so lu t ions  a t  t h e s e   p o i n t s  
i n   t h e   a r r a y s  PRU, PRV, PRW, and PRZ, 

( 3 )  restarts t h e   i n t e g r a t i o n  a t  each   po in t   o f   subd iv i s ion   w i th  new 
i n i t i a l   c o n d i t i o n s ,  and 

( 4 )  t e r m i n a t e s   t h e   i n t e g r a t i o n   p r o c e s s  a t  t h e  end   o f   t he   she l l .  

Funct ions  (3 )  and ( 4 )  above are also  performed upon each   en t ry   du r ing  
i n t e g r a t i o n   f o r   t h e   p a r t i c u l a r   s o l u t i o n .   A l s o ,   d u r i n g   p a r t i c u l a r   s o l u t i o n  
i n t e g r a t i o n ,  CNT pe r fo rms   t he   fo l lowing   add i t iona l   f rmc t ions :  

( 1 )   f o r c e s   t h e   i n t e g r a t i o n   t o   l a n d   o n   t h e   s p e c i f i e d   i n p u t   s t a t i o n s ,  
a n d   s t o r e s   t h e   v a l u e s   o f   t h e   p a r t i c u l a r   s o l u t i o n   i n   t h e   a r r a y s  
PRG and PRJ,  
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(2) performs a t  p o i n t s   o f   s u b d i v i s i o n   t h e  matrix c a l c u l a t i o n s  re- 
q u i r e d  i n  .the forward   pass   o f   the   Gauss ian   e l imina t ion   technique  
(Reference 14) u s e d   i n  the s o l u t i o n   o f   t h e   s u p e r p o s i t i o n   c o n s t a n t s  
fo r   t he   complemen ta ry   so lu t ions ,   and  

(3) performs a t  t h e   t e r m i n a l   e d g e   o f   t h e   s h e l l   t h e  matrix c a l c u l a t i o n s  
r e q u i r e d  i n  t h e  backward pass   o f   t he   Gauss i an   e l imina t ion   t echn ique  
and s t o r e s   t h e   s u p e r p o s i t i o n   c o n s t a n t s   f o r   e a c h   s u b i n t e r v a l   i n   t h e  
CV and DV a r r a y s .  

MATS (ca l led   by  CNT) - 
This  i s  a general   purpose  subrout ine  which  solves   s imultaneously 

s y s t e m s   o f   l i n e a r   a l g e b r a i c   e q u a t i o n s   ( w i t h  a common c o e f f i c i e n t   m a t r i x )  
by the  Crout  method  (Reference 20). It is used i n   t h i s  p rogram  so l e ly   t o  
i n v e r t  4x4 matrices by  solving  four   systems  of   equat ions  whose  r ight-hand 
s i d e s   f o r m   t h e   i d e n t i t y   m a t r i x .  

- .  MMM ( c a l l e d  by CNT) 

This subprogram  forms  the  product   of  two  4x4 matrices. 

- MVM (ca l led   by  CNT) 

This  subprogram  forms  the  product  of a 4x4  matr ix   with a 4x1  mdtrix.  

- "A (ca l led   by  CNT) 

This  subprogram  forms  the sum of two  4x4 matrices. 

- VVA ( c a l l e d  by CNT) 

This  subprogram  forms  the sum of  two 4x1 matrices. 

- MAE ( c a l l e d  by CNT) 

This   subprogram  augments   each  4x4  matr ix   to   be  inverted  with  the 
i d e n t i t y   m a t r i x .  I t  is en te red   immedia t e ly   be fo re   each   ca l l   t o  MATS. 

SLOPE (ca l led   by  DER) 

This subprogram  pe r fo rms   l i nea r   i n t e rpo la t ion   (w i th   r e spec t   t o  s )  on 
the   one-d imens iona l   a r rays   represent ing   the   input   geometry ,   foundat ion  
modu l i ,   s t r i nge r   p rope r t i e s ,   and   p re s su re   g rad ien t .  

SLOPE1 (ca l led   by  DER) 

This   subprogram  per forms  l inear   in te rpola t ion   (wi th   respec t  t o  s )  on 
the   two-dimens iona l   a r rays   represent ing   the   input  wall p r o p e r t i e s .  
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SLOPE3 ( c a l l e d  by DER) 

This   subprogram  per forms  quadra t ic   in te rpola t ion   (wi th   respec t   to  s )  
on the   one -d imens iona l   a r r ays   r ep resen t ing   t he  stress r e s u l t a n t s   a n d  
r o t a t i o n s   o f   t h e   p r e b u c k l i n g  s t a t e  a t  t h e  c r i t i ca l  load   and   the  
buck l ing  mode. 

Glossary  of   Major   Fortran  Variables  

Var i ab le  

A(4,4) 

AMAX 

A€..IODE 

ATABL 

B(4,4) 

BBP(34,4,4) 

BBZ (4 ,4)  

BU1(4,4) 

BD(34,4,4) 

SU,M(4,4) 

BDZ(4,4) 

BMAX 

BI4ODE 

C(4,4) 

CAPlSO (100) 

CAP2S0(100) 

D e f i n i t i o n  

[ e l  

Subprogram(s) 
where  generated 

INPUT 

ti INPUT 

CY mode INPUT 

a b s o l u t e   e r r o r   t o l e r a n c e   f o r   v a r i a b l e  INPUT 
s t e p  Runge-Kutta i n t e g r a t i o n  

[ B ]  m a t r i x   f o r  a r i n g  ([B]-' = [ e I T / r )  INPUT 

s t o r e d  [B] matrices INPUT 

[B]  matrix a t   i n i t i a l  boundary INPUT 

[ B ]  ma t r ix  a t  f ina l   boundary  INPUT 

s t o r e d  [Dl mat r i ces  INPUT 

[ D l  ma t r ix  a t  f ina l   boundary  INPUT 

[Dl mat r ix  a t  i n i t i a l  boundary INPUT 

i? INPUT 

(2) 
OK 2 

INPUT 

INPUT 

INPUT 

INPUT 
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Var iab le  

CARD1 (5) 

CARD2 ( 5 )  

C H I  

CMl 

COMENT (5 ) 

CP 

CQ 

cs 

cv (4,34) 

DSS 

DV(4,34) 

DY1(8,9) 

DY9 (8) 

EPSlSO (100) 

D e f i n i t i o n  

i n p u t   t a b l e   d a t a   o n   n e x t   t o  las t  ca rd  
r ead  

i n p u t   t a b l e   d a t a   o n  last  c a r d  read 

temporary  value of  x 
temporary  value of M1 

i n t e r p o l a t e d   t a b l e   d a t a  

temporary  value  of  axial   component 
o f   s t r e  s r e s u l t a n t  (P) 

tempor2 . J , i lue  of  Q 

tempors-y  value  of  S 

s u p e r p o ; i t i o n   c o n s t a n t s   f o r   f i r s t   f o u r  
complementary  solut ions  (denoted  by c 
i n   R e f e r e n c e  14) i 

[Dl m a t r i x   f o r  a r i n g  ([Dl = -[k][e]) 

s t e p  s i z e   f o r   n e x t  Runge-Kutta 
i n t e g r a t i o n  s t e p  

s t e p   s i z e   f o r   p r e v i o u s  Runge-Kutta 
i n t e g r a t i o n   s t e p  

s u p e r p o s i t i o n   c o n s t a n t s   f o r  last  f o u r  
complementary  solut ions  (denoted  by d 
i n   R e f e r e n c e   1 4 )  i 

c u r r e n t   d e r i v a t i v e   v a l u e s   f o r  
complementary  and  par t icular  
s o l u t i o n s  

c u r r e n t   d e r i v a t i v e   v a l u e s   f o r  
p a r t i c u l a r   s o l u t i o n  

(2 1 
O E l  

Subprogram(s) 
where  generated 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

CNT 

INPUT 

SRA202, CNT 

CNT 

CNT 

DER 

DER 

INPUT 
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Variab le  

EPS2SO (100) 

ETA 

E l  (5) 

E12 (5) 

E2 ( 5 )  

FI1,  F12 

FLAM 

FN 

mc 

FNUl(5) 

GLAM 

GUESS 

I U O N E  

INTGRD 

I OP 

I P  

ISSIJ6 

D e f i n i t i o n  

oE2 (2) 

temporary  value  of  n 

Subprogram(s) 
where genera ted  

INPUT 

INPUT 

c u r r e n t   v a l u e s   o f  E f o r   e a c h   l a y e r  DER 

c u r r e n t   v a l u e s   o f  E f o r   e a c h   l a y e r  DER 

c u r r e n t   v a l u e s   o f  E2 f o r   e a c h   l a y e r  DER 

f u n c t i o n a l   v a l u e s  computed  by  I112  I112 

1 

1 2  

INPUT 

harmonic number (n)  of  second-order INPUT 
postbuckling  component  being 
c a l c u l a t e d  

n INPUT 
C 

c u r r e n t   v a l u e s   o f  v1 f o r   e a c h   l a y e r  DER 

)iC 
INPUT 

INPUT 

f l a g  t o  i n d i c a t e  when s o l u t i o n  i s  MAIN,  INPUT 
complete 

f l a g   t o   d e t e r m i n e   f u n c t i o n  of I112 INPUT 
and I N T l  

l o g i c a l   o u t p u t   u n i t  number M A I N ,  MATS 

l o g i c a l   i n p u t   u n i t  number M A I N  

f l a g   t o   o v e r r i d e   a b o r t   i f  a s u b i n t e r v a l  INPUT 
e x c e e d s   l e n g t h   c r i t e r i o n  



Variab le  

ISS4 

ITER 

JENT ( 3 4 )  

JUS E 

LSTi\b 

LTAd (1A j 

LTYPE 

NDIS 

NFM 

N I C  

NML 

NOUTl(lO0) 

NOUTZ (100) 

NP G 

NSG 

NST 

NTLC 

D e f i n i t i o n  

f l a g   t o   i n d i c a t e   i f   a d d i t i o n a l  
p rebuck l in t   deck  i s  p r e s e n t   ( f o r  3 
and K* c a l c u l a t i o n s )  

f l a g   t o   i n d i c a t e   w h i c h   p a s s  i s  be ing  
made through OVERLAY 1 

table   o f   en t ry   numbers  a t  boundar ies  

p a r a m e t e r   t o   i n d i c a t e   w h e t h e r   i n t e -  
g r a t i o n  i s  f o r  complementary o r  
p a r t i c u l a r  sol l t i o n s  

max. :IIII-II e n t r y  lumber 

number of  wall l a y r r s  at e a  L e n t r y  
po in t  
f l a g   t o   i n d i c a t e   w h e t h e r   l i v e   o r   d e a d  
load ing  

maximum boundary  number 

f l a g   f o r   f o u n d a t i o n   m o d u l i   t a b l e  

f l a g   f o r  boundary  condi t ions 

f l a g   f o r   p r e b u c k l i n g   d a t a   d e c k  

t a b l e  to-  i n d i c a t e   t y p e  of  boundary 
c o n d i t i o n  

t a b l e   t o   i n d i c a t e   n e e d   f o r   a r t i f i c i a l  
r i g i d  body c o n s t r a i n t ;   a l s o   i n d i c a t e s  
a symmetr ica l   edge   r ing  

f l a g   f o r   p r e s s u r e   g r a d i e n t   t a b l e  

f l a g   f o r   g e o m e t r y   t a b l e  

f l a g   f o r   s t r i n g e r   p r o p e r t i e s   t a b l e  

Subprogram(s) 
where  generated 

INPUT 

MAIN,  SRA202 

INPUT 

sRA202 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

f l a g   f o r   a x i s y m m e t r i c   t o r s i o n a l   b u c k l i n g  INPUT 
mode 
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Var iab le  

NTERP 

NTRY 

NWP 

P(4,4,34) 

PP(4,4,34) 

PPSTOR(4,4) 

PRG(4,lOO) 

PRJ(4,lOO) 

PRODC 

PRS (100) 

PSTOR(4,h) 

PRU (4,4,100) 

PRV (4,4,100) 

Def in i t i on '  

parameter   used i n   q u a d r a t i c   i n t e r -  
p o l a t i o n  

p a r a m e t e r   t o   c o n t r o l   t e r m i n a t i o n ,  
restart, o r   c o n t i n u a t i o n   o f  Runge- 
K u t t a   i n t e g r a t i o n  

f l a g   f o r  w a l l  p r o p e r t i e s   t a b l e  

4x4 matrices used i n   s o l u t i o n   f o r  
supe rpos i t i on   cons t an t s   (deno ted   by  
pi i n   Re fe rence   14 )  

4x4 matrices used i n   s o l u t i o n   f o r  
supe rpos i t i on   cons t an t s   (deno ted  by 
pf ( in   Reference   14)  

Subprogram(s) 
where  generated 

DER 

SEU202, CNT 

INPUT 

CNT 

CNT 

temporary  s torage  for   PP-matr ices  CNT 

p a r t i c u l a r   s o l u t i o n   f o r c e   v e c t o r  CNT 
(denoted  by G i n   R e f e r e n c e  14)  

p a r t i c u l a r   s o l u t i o n   d i s p l a c e m e n t   v e c t o r  CNT 
(denoted by J in   Re fe rence   14 )  

i nne r   p roduc t  of buckl ing  mode INPUT 

i 

i 

tab le   o f   s to red   s -va lues  [same as INPUT 
TS (100) ] 

temporary  s torage  for   P-matr ices  CNT 

f i r s t   submatr ix   o f   complementary  CNT 
so lu t ion   fo rce   vec to r s   (deno ted  by 
U. in Reference  14) 

second  submatrix  of  complementary CNT 
so lu t ion   fo rce   vec to r s   (deno ted   by  
Vi i n  Reference  14) 
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Var i a b  le 

PRW(4,4,100) 

PRZ ( 4 , 4  ~ 100) 

Q (4,341 

QP (4,3.t) 

QPSTQR(4) 

QSTOR(4) 

RTABL 

S 

SA 

SB 

SH(5) 

SL (34,4) 

SLM(4) 

SLZ (4) 

STIF 

STIFN 

STIFNO 

D e f i n i t i o n  

f i r s t   submat r ix   o f   complemen ta ry  
so lu t ion   d i sp l acemen t   vec to r s   (deno ted  
by W .  i n   R e f e r e n c e  14) 

second  submatr ix  c f compltmentary 
E o lu t ion   d i sp l ace r l en t   vec to r s   (deno ted  
lay Zi i n   Re fe rence  14 )  

4 x 1   m : t r i c e s , u s e d   i n   s o l u t i o n   f o r  
supe rp   x i t i on   cons t an t s   (deno ted   by  
qi i n   i e f t x e n c e  111) 

42:i r .ices used i n   s o l u t i o n   f o r  
supe r   - i t i on   cons t an t s   (deno ted   by  
q l  i n   Re fe rence   14 )  

temporary   s torage   for   QP-matr ices  

tempo-wary s t o r a g e   f o r  Q-matrices 

1 

re la t  v: r r o r   t o l e r a n c e   f o r   v a r i a b l e  
s t e p  . .ur,ge-Kutta i n t e g r a t i o n  

c u r r e n t   v a l u e   o f  s 

f i r s t   p o s t b u c k l i n g   c o e f f i c i e n t   ( a )  

b 

c u r r e n t   v a l u e s   o f  h f o r   e a c h   l a y e r  

s t o r e d  EL) ma t r i ces  

{L) matrix a t  f ina l   boundary '  

{L)   matr ix  a t  i n i t i a l  boundary 

K* 

K a t  A = A. 0 

KO* 

Subprogram(s) 
where  generated 

CNT 

CNT 

CNT 

CNT 

CNT 

CNT 

INPUT 

SRA202, CNT, FXS3 

INPUT 

INPUT 

DER 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 
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Var iab le  

STIFO 

S U M l  

sv 

SOE2 

S l E l  

TCAPlC(100) 

TCAP2C (100) 

TCHIC(100) 

TCHIN (100) 

TCHINO (100) 

TCHISN (100) 

TCHISO(100) 

TCHIO (100) 

T C H I l ( 1 0 0 )  

T C l ( 1 0 0 )  

TDIS ( 3 4 )  

TEA ( 3 4 )  

TEAST (100) 

TECCX ( 3 4 )  

TECCY ( 3 4 )  

T E I S T ( ~ O O )  

D e f i n i t i o h  

dKo/dA a t  X = A, 

f u n c t i o n a l   v a l u e  computed  by I N T l  

t emporary   va lue   o f   c i rcumferent ia l  
displacement (v) 

a t  A = A, 

a t  A = A 
C 

C 

t ab le   o f   s -va lues  a t  boundar ies  

r i n g   s t r e t c h i n g  s t i f   f n e s s e s  (EA) 

t o t a l   s t r i n g e r   s t r e t c h i n g   s t i f f n e s s  
(NEA) 

r i n g   a x i a l   e c c e n t r i c i t i e s  

r i n g   r a d i a l   e c c e n t r i c i t i e s  

t o t a l   s t r i n g e r   b e n d i n g   s t i f f n e s s  (NEI)  

Subprogram(s) 
where  generated 

INPUT 

I N T l  

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

I 

103 

" " 



Variable  

TEIX(34) 

TEIXY (34) 

TEIY (34) 

TEPSSO (34) 

TEPSlC (100) 

TEPS2C (100) 

TE1(100,5) 

TE12(100,5) 

TE2 (100,5) 

TG (100) 

TGJST (100) 

TGJT (34) 

TH (100,5) 

TKl(100) 

TK2 (100) 

TK3 (100) 

TLAMIJ (100) 
(1,J = 1,4)  

TMLTIJ (100) 
(I,J = 1 , 2 )  

TMYN (34) 

TMYO (34) 

D e f  i n i t i d n  
Subprogram(s) 
where  generated 

in -p lane   r i ng   bend ing   s t i f fnes ses  (E1 ) INPUT 

c o u p l i n g   r i n g   s t i f f n e s s e s  ( E 1  ) INPUT 

X 

XY 
out -of -p lane   r ing   bending   s t i f fnesses  INPUT 
(EIy )  

oE$ (2) INPUT 

(1) 

(1) 
El INPUT 

E 2 INPUT 

INPUT 

INPUT E12 

E2 INPUT 

s h e l l  wall s h e a r   s t i f f n e s s  (G) INPUT 

t o t a l   s t r i n g e r   t o r s i o n a l   s t i f f n e s s  (NGJ) INPUT 

r i n g   t o r s i o n a l   s t i f f n e s s e s  (GJ) INPUT 

h INPUT 

kl 

k2 

k3 

x 
i j  

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 
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Variable 

T M l N  (100) 

TMlO (100) 

TM2N (100) 

TM20 (100) 

TNUI. (100,5) 

TPHIC ( 3 4 )  

TPHISN ( 3 4 )  

TPHISO ( 3 4 )  

T P H I l ( 3 4 )  

TPSIC(100)  

TPSIS (100) 

TR(100)  

T W   ( 1 0 0 )  

TRR2 (100) 

TS (100) 

TSA(34)  

TSBAR(34) 

TTHETC ( 1 0 0 )  

TTHETS ( 1 0 0 )  

TTPHIN ( 3 4 )  

TTPHIO ( 3 4 )  

Definit ion 

M ~ O )  a t  X = x0 

M;O) a t  X = X, 

aM;')/ax a t  X = X, 

V 1 

r 

d r l d s  

r /R2 

t a b l e  of s - v a l u e s  

S u b p r o g r a m ( s )  
w h e r e   g e n e r a t e d  

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 
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Variable 

TTlC (100) 

' I T I N  (100) 

TTlNO (100) 

n l S N  (100) 

TTlSO (100) 

TTlO (100) 

T T l l ( 1 0 0 )  

TT12C (100) 

TT12s (100) 

TT2C(lOO) 

TT2N (100) 

TT2NO (100) 

TT2SN(100) 

TT2SO (100) 

TT20 (100) 

TT21(100)  

Twxc ( 3 4 )  

Twxs ( 3 4 )  

TWYC ( 3 4 )  

TWYS ( 3 4 )  

TXSX(100) 

TX3Y (100) 

Definit ion 

T?) 

T ~ ( O )  a t  A = A 
C 

aP I a Y  

S u b p r o g r a m ( s )  
w h e r e   g e n e r a t e d  

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 

INPUT 
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Var iab le  

TX30 (100) 

TZBAR (34) 

TZBST (100) 

WORK(486) 

X I  

Y (4,100) 

Z(4,lOO) 

D e f i n i t i o n  

P 

n o r m a l   r i n g   e c c e n t r i c i t i e s  

n o r m a l   s t r i n g e r   e c c e n t r i c i t y  ( Z )  

working  storage  used  by  Runge-Kutta 
i n t e g r a t i o n   s u b r o u t i n e  

temporary  value of a x i a l   d i s p l a c e m e n t  
( 6 )  

s o l u t i o n   f o r   { y l  

s o l u t i o n s  fo r  12); a l s o  used t o   s t o r e  

5 s n  Y V  y x  
(1) (1) (1) (1) 

Subprogram(s) 
where  generated 

INPUT 

INPUT 

INPUT 

RKS 3 

INPUT 

sRA202 

INPLJT 
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ZU3 

2 

l i ,  
1 1  

1 

































5 5 4 1  

3 5 4 2  
5 5 4 3  

3 3 4 5  
3 5 4 6  

3560 
3561 

1094 







2772 
2771 

2790 

2900 

2810 

2912 
2314 

2918 

2330 

2993 





4 

w 
0 











12399 

1 2 9 9 8  
2 9 9 7  

2 3 6 9  

2 1 6 8  
2371 

C 
C 
C 

2372 

2374 
2376 











0 













r 







7cr 

90 
100 
110 

120 
1JG 

14U 

ljti 

1 6 0  

1 7 0  

1 9 0  

13I.r 

200 

210 





290 
3 0 0  

3 0 1  

302 

3 0 4  

396 

305 

303 
310 
315 

J i b  

320 









I 



. 



d 

l Y 













1 















.. 



rk53 
rk53 

ak53 
rk53 
rk53 
rk53 
rk53 
rk53 
rk53 
rk53 
hk53 
rk53 
rk53 
rk53 
rk53 
rk53 
rk53 
rk53 
hk53 
hk53 
ak53 
mk53 
wk53 



I 

hk53 
hk53 
wk53 
rk53 
nk53 
rk53 
ak53 
rk53 
hk53 
rk53 
ak53 
rk53 
rk53 
11k53 
rk53 
rk53 
hk53 
rk53 
rk53 
ak53 
rk53 
rk53 
W& s3 
rk53 
rk53 
rk53 
wk53 
hk53 
RK 53 
rk53 
rk53 
rk53 
rk53 
wk53 
rk53 
hk53 
rk53 
wk53 
wk53 



rk53 
hk53 
R K S j  
rk53 
rk53 
rk53 
rk53 
rk53 
rk53 
rk53 
rk53 
rk53 
rk53 
rk53 
rk53 
rk53 
rk53 
rk53 
rk53 
rk53 
rk53 
rk53 
rk53 

rk53 
hk53 
rk53 
hk53 
rk53 
wk53 
wk53 
ak53 



rk53 
rk53 
rk53 
rk53 
2u53 
kk53 
rk53 
rk53 
rk53 
RKSS 
rk53 
rk53 
R K S j  
rk53 
ak53 
rk53 
rk53 
RKS3 



MATS0001 

MATS0003 

MATS0004 
MATS0005 
MATS0006 





U 
U 

d 
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FIGURE 1. CRITICAL LOADS OF IMPERFECTION  SENSITIVE  STRUCTURES , 
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SHEET A 

IICCTIAL POSTBUCKLING OF SHELLS OF REVOLUTION 

6 8 10 12 14 16 20 48 59 76 7a 
H 

N 

COLUMN 6 = BLANK, USE GEDMFTRY  FROM PREVIOUS  CASE; = l , . I N P U T  NEW GEOMFTRY 

COLUMN 8 = BLANK, USE WALL PROPERTIES FROM PREVIOUS  CASE; = 1, INPUT NEW  WALL PROPERTIES 

COLUMN 10 = BLANK, USE FOUNDATION MODULE  FRCM PREVIOUS  CASE; = 1, INPUT NEW FOUNDATION MODULE 

COLUMN 1 2  = BLANK, USE  STRINGER PROPERTIES FROM PREVIOUS  CASE; = 1, INPUT N E W  STRINGER PROPERTIES 

COLUMN 14 = BLANK, USE PRESSURE GRADIENT FROM PREVIOUS  CASE; = 1, INPUT 'NEW PRESSURE GRADIENT 

COLUMN 16 = BLANK, USE PREBUCKLING DATA  FROM PREVIOUS CASE; = 1, INPUT NEW PREBUCKLING DATA 

COLUMN 20 = BLANK, ALL BOUNDARY  DATA  FROM PREVIOUS  CASE; ,= 1, INPUT OR GENERATE BOUNDARY CONDITIONS 
ACCORDING TO COLUMN 5 OF TABLE 1 

COLUMNS 48-59 = RELATIVE ERROR  TOLERANCE (E12.4)  

COLUMN 76 = BLANK, K* AND /3 NOT CaMpUTED (STANDARD PREBUCKLING DECK I.hTpIpT I F  COLUMN 16 = l ) ;= 1, 

COhMN 7 8  = BLANK,  ABORT  RUN I F  SUBINTERVAL LENGTH CRITERION EXCEEDED 

K* AND p COMPUTED (REQUIRES ENLARGED PREBUCKLING DECK INPUT I F  COLUMN 16 = 1) 

= 1, PRINT  DIAGNOSTIC BUT CONTINUE EXECUTION IF SUBINTFLVAL LENGTH CRITERION EXCEEDED 



SHEET B 
INITIAL POSTBUCKLING OF SHELLS OF REVOLUTION 

(TABLE  NO, . = 1-5, INDICATES  FIRST EWI!RY OF TABLE 
1 - GECMETRY 
2 - WALL PROP. 
3 - FOUND. M&. 

9,  INDICATES END OF TABLES (ALWAYS REQUIRED FOR 4 - STRING. PROP. 
EACH CASE) 5 - PRESS. GRAD. 

= 4 ,  ARTIFICAL TRANS, CONSTRAINT; 5,  ARTIF. ROT. CONSTR; = 6 ,  ARTIF. TRANS. & 
ROT. CONSTR. (TABLE 1, APPLIES ONLY  AT 1ST ENTRY  OF 1ST OR 2ND SUBINTERVAL) 

\ = 8,9, SYMMETRICAL RESPONSE (TABLE 1, APPLIES ONLY  AT 1ST ENTRY) 

'd 

P 
= BLANK,  FORCE FREE BDY. ; = 1 , INPUT RING DATA; = 2 ,  INPUT [B] & [Dl MATRICES, 

= 3 ,  TAKE  BOUND.  DATA FROM PREV. CASE (TABLE 1, APPLIES ONLY  AT 1ST E m Y  OF 
EACH SUBINTERVAL & TERMINAL POINT OF SHELL) ; 

? = 4, DOME CLOSURE (TABLE 1, APPLIES ONLY AT SHELL EDGES) 

W 
2 
C 

WALL LAYER NO. ( 5 5 )  ; INDICATES  FIRST ENTRY OF NEW LAYER OR NEW PORTION OF 
H A DISJOINTED LAYER (TABLE 2) 

s $ 
EWRY NO. (5100) MUST  BE RIGHT ADJUSTED 

v) 

NOTE:  ALL NUMBERS I N  COLUMNS 1 3 - 7 2  HAVE  FORMAT E12.4 

s , E l y k l y l ,   & / a x   r , E 2 , k 2 , N E A , a p / a y  r' ,E12 ,k3 ,NEI , -   r /R2,Vl , - ,  NGJ,- - ,h,-  , 2,- 
- 

I 



SHEET C 
INITIAL WSTBUCKLING OF SHELLS OF REVOLUTION 

(TO BE USED ONLY IF COLUMN 16 ,  SHEET A ,  CONTAINS A 1) 

X 13 X 25 X 37 X 49 X 61 X 72 
H C  

L3 1 1 1 1 1 1 1 1 1 1 1  1 1 1 1 l l l l l l l  1 1 1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1 1  

c 



! 

LINEAR  PERTURBATION RING STRESS  RESULTANT CARDS [FORMAT 6(2X,E11.4)] 

I 

n 
cl 
0 

PRESSURE FIELD CARDS [FORMAT 6312.43 
P 

P 13 P 25 P 31 P 49 P 6 1  P 1 2  
a 
(D a 1 1 1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 I I  1 1 1 1 1 1 1 1 1 1 1  1 1 1 ' 1 1 1 1 1 1 1 1  



INITIAL POSTBUCKLING OF SHELLS OF REVOLUTION 

(TO  BE  USED ONLY I F  COLUMNS 16 AND 7 6 ,  SHEET A ,  CONTAIN  A 1) 

SHEET  D 

RING  BENDING  MOMENT CARDS [FORMAT 4(2E10.6,: 

1 Y 11 
M aMy/ax 21 M 

Y 31 
aMy/ax 41 M Y 51 

aMy/ax 61 M 
Y 7 1  Y 

aM 18). 
L 

I I 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 I  I I 1 1 1 1 l 1 1  1 1 1 t 1 1 1 1 1  1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1  

H 2ND - ORDER  PERTURBATION  SHELL  STRESS  RESULTANT CARDS [FORMAT 3(2X,2E11.4)1 
3 
$ (  3 a2T1/ax2 14 a2T2/ak2 24 27 a2T,/ax2 38 a2T2/hX2 48 51 a2T1/ a i2  62 a2T2fax2 72 

2 l I I I I I I I I I . /  r I I I I I I r 1 I = / I I I I I l I I I I I I I l I l I I I I I " / ~ I I I 1 I I I I I I  / . I l I I I I I I I I  
/ A 

2ND - ORDER  PERTURBATION  SHELL  ROTATION CARDS rFORMAT 6312.41 



SHEET E 

INITIAL POSTBUCKLING OF SHELLS OF REVOLUTION 

EIGENVALUE CARD 
n (FORMAT F6.0) r c  

(AUJAYS 

FOR EACH 
CASE) 

REQUIRED 



SHEET F 

INITIAL  POSTBUCKLING OF SHELLS OF REVOLUTION 

(TO  BE USED ONLY IF COLUMN 5 ,  SHEE3  B,   CONTAINS A 1) 

NOTE: ALL NUMBmS I N  COLUMNS 1-72 HAVE FORMAT E12.4 



SHEET G 

INITIAL POSTBUCKLING OF SHELLS OF REVOLUTION 

(TO BE USED ONLY IF COLUMN 5 ,  SHEET B, CONTAINS A 2) 

NOTE: ALL NUMBERS IN COLUMNS 1-48 HAVE FORMAT E12.4 

1 13 25 37 48 



Y 
-i 

W 

BUCKLING PDDE DATA 

CASE OPTION CARD 

PRESCRIBeD BOUNDARY MTA CARDS (8 PER my) 

RING DATA CARDS ( 2  PER RING) 

BUCKLING m D E  MTA 

OFTIONAL PREBUCKIJIIC DbTA 

S M N M R D  PREEUl(XLING MTA 

CASE OPTION CARD M3DE MU 

CASE OPTION CARD 

‘TITLE CARP 



x CALL OVERLAY 1 

> CALL OVERLAY 2 

FIGURE 10. FLOW CHARX OF MAIN 
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